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Abstract—The main objective set in this research is the
construction of noetherian theory for a singular linear
integro-differential operator L defined by a linear singular
differential equation of higher order in a specific
functional space well chosen to achieve the goal. It should

be emphasized that the case where 1 = 1 has been
completely studied in the two situations separately when

P = 1 and P = 2. our previous various published
research was related to this topic. The methodology
adopted on a case-by-case basis, and depending on the

values and sign of the parameter ' £ R, leads us to solve
the linear differential equation studied with a well-known

second specific right-hand side f[l’) = Cép} [—1,1],
systematically identifying the conditions solvency.

One of the major difficulties arising in this work, apart
from those related to the quantitative techniques of solving
the differential equation defining the considered integro-
differential operator, is the construction of the continuity
of the regularizers by starting from the smallest segment
[0,1] to completely cover the whole closed interval [-1,1].
We rely on the approaches and methods built by the
researcher Yurko V.A to achieve the noetherity of the
considered operator.

This takes us straight to the investigation and
construction of the noetherity of the operator L. Finally,
depending on each case, we evaluate and calculate the
deficient numbers and the index of the operator considered

in various situations, relative to the parameter } & R.
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I. INTRODUCTION

The construction of the noetherian theory for the integro-
differential operators defined by certain forms of integral
equations of the third type is widely illustrated by the
investigations carried out in certain scientific research works,
[1], [2], [3], [4], [5] and [6]. On this matter one can also refer
to the papers [7], [8], [9], where the author investigated the
solution of a linear integral equation of third kind. Noetherian
theory has been devoted to specific types of integral operators
studied in the papers [10], [11] and [12]. However, let us
mention that the main difficulty we face in the case of the
investigation and study of the solvability of integral equations
of the third type during the construction of the noetherian
theory for the operators defined by such integral equations lies
in the choice of necessary approaches and methods leading to
the expected goal. It should be noted that in several works
carried out by researchers related to the said subject from the
papers, [13], [14], [15], [16] remarkably well-illustrated from
the general theory in [17] and [18], the application of the
normalization method, the method of hypersingular integrals
and also the method of approximate inverse operators made it
possible to approach the investigations of the integral
equations of the third type in the space of continuous functions
and distributions.

These different approaches and methods make it possible
to clearly define and pose the problem when carrying out
studies relating to integral equations of the first type, or non-
Fredholm integral equations of the second type which define
the operators thus considered. Let us mention the problem of
searching the solutions of a nonlinear integral equation for
high energy scattering investigated in the paper [19]. At the
same time, let us also underline that it has been carried out the
studies of the inverse problem of the spectral analysis of the
theory of linear multigroup neutron transport in plane
geometry in the work devoted in the scientific article titled
Transp. Theory Stat. Phys. 29 (2000), No. 6, 711-722.

Recall that one researcher carried out the investigations in
the space of Holder functions on a non-homogeneous linear
integral equation with coefficient cos x and was able to
identify the necessary and sufficient conditions for the
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solvability of the equation considered under certain indicated
hypotheses on its core. On the other hand, let us also note that
he was able to succeed in constructing the solution to the
equation studied analytically, using the application of
Fredholm's theory and that of singular integral equations. In
relation to said investigations one can refer and read more
details from some papers devoted to this aspect.

Let us also remember the work in which the researcher
carried out the investigations in his article relating to Inverse
problems for homogeneous transport equations, I. The results
of the studies undertaken in the one-dimensional case have
been published. Inverse Problems 16 (2000), No. 4, 997-1028.
Relative to our previous investigations, we have already
carried out the construction of the noetherian theory of an
integro-differential operator defined by a singular linear
integral equation of the third type of the following form:
(Ap)(x) =
Po'(x)+ j'l_ K(x,t)e(t)dt = f(x); x €
111

with the unknown function ¢ € C2, [—1,1], the second
right-hand side f(x) € Cép} [—1,1] and the kernel
K(x,t) € CP[-11]1XC[-11]

In the investigations carried out concerning the third kind
integral  equations, defining these integro-differential
operators, the development of several diverse approaches is
necessary to achieve the noetherization of the latter. In the case
of the investigations carried out concerning the third kind
singular integral equations in functional spaces and
distributions, one can mention the realization of the methods
mentioned above and presented globally in the works [1], [2]
and [3] from one side. On the other side remark that all
necessary details are localized in the references [4], [5] and
also presented with some particularities in the papers [6], [7],
[8], [9] and [10]. In the same way, we mention special
approaches adopted when establishing the noetherian theory in
the papers [11], [12] without forgetting to evoke these aspects
studied in the references [13], [14], [15] and [16]. In these
works, the particular specificity of the operator L playing the
role of the principal part of the integro-differential operator is
a multiplicative operator by a continuous function that
vanishes in a finite or countable set of points on the
investigation interval.

From the general theory presented in [17], [18] it clearly
follow all the explanations and other necessary details of such
research. Remark that more deeply have been done
investigations by the authors of the papers [19] and [20] when
they studied concrete physical phenomenon situations to
illustrate this noetherian theory on some integral equations. A
special approach in connexion when realizing the
establishment of the noetherization of the finite dimensional
extension of a noetherian operator has been described
completely in the paper [21] and also based on the theoretical
illustrative aspect from [22]. Specific ideas presented in the
papers [23], [24], [25], [26] and [27] illustrated various
serious scientific results obtained by the authors related to the
conditions of solvency of some singular integral operators in
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different functional spaces. In the same direction, let us note
that two authors have presented in their research the noetherian
theory of a singular integral functional operator of finite order
in the continuous case by making a substantial introduction
relating to this particular case of investigation in their article
[28]. In order to approach a generalization of the ideas in the
construction of the noetherian theory and going in the same
direction, we plan to carry out studies that will allow us to
construct said theory for an integro-differential operator
defined by an integral equation of the third type with the main
part of L shape, and it is for this purpose that we conduct such
research as a preliminary step. Various results emanating from
numerous investigations devoted to integral equations of the
third type are well known and can be found easily with all the
necessary details in the previous cited references upstairs with
some specific approaches presented. It should also be
emphasized that there is a wide range of literature on specific
research work undertaken on various methods of solving
integral equations of which several approaches and
methodologies are illustrated for example in article [29] and,
relying on integral transforms related to differential operators
having singularities inside the interval forming the content of
the research carried out in [30].

It is very interesting to note that in order to completely
cover the topic on the construction of the noetherian theory of
an integro-differential operator A, we go further to perform the
finite-dimensional extension of the initial noetherian operator

A by adding to its initial functional space C2,[—1,1],
vey, D, = {¥7_ o 58
successively, Li4; — k=0 ¥ (1’] the space

of finite linear combinations of the Delta-Dirac distribution as
well as its successive Taylor derivatives on one side. On the
other hand, to the same starting functional space

ct[—1,1] we can add

1
Vm — ;rllﬁ_F.’p_. , the functional space of
j) xf

improper integrals in the Hadamard sense to finally close the
whole by the direct sum

Ton = CL L1 @ (50, 0. 6% (0} &

1

(Er0F02)
of the two spaces mentioned to the initial space. A perfect
illustration of the above achievements is the subject of the
content of the research conducted in our previous researches,
highlighting all the detail of the principle of the conservation
of the noetherity of a Noetherian operator A after the extension
of its starting space by those mentioned above.

In the present work that we carry out in the space of
continuous functions, we focus on a differential operator L as
the main part of the integro-differential operator A, which is
defined by an integral equation of the third type. We focus our
attention only on the investigation of the operator L for which
we carry out the construction of the Noetherian theory as it
was done previously similarly in the work [31], clearly
completed by the case analyzed in the article [32], with the
remarkable particularity that in this indicated case, the order of
the differential equation is higher and the study interval
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considered is closed [-1,1] rather than that [0,1] with the
interior singular point zero in this situation on the middle of
the interval considered. This being said and to know here, we
consider for the study the linear differential operator:

Ly(x) = xPy™ (x) + yy "V (x) =
fO);n=2,xe[-1,1]
(1)

where YER peN with
f(x) € CP[-1,1]and y(x) € C*[-1,1].

The establishment of the noetherity property (noetherian
theory) of the operator L is carried out systematically through
the study of the solvability of the linear differential equation of

higher order T, defined by the formula (1). The application of
the Dirichlet formula makes it possible to obtain the analytical
formula of the expression of the solution to the equation
studied and, from there, to formalize the results of the
noetherization of the differential operator. The results obtained
are linked to the construction of the continuity of the
regularizers, as illustrated in our previous research when we
first considered the interval [0,1], of which the rest of the study
was extended until the set of the closed interval [-1,1]. All this
allows us to calculate and determine the deficient numbers

fI(L) and ﬁ(LJ as well as the index ){(LJ of the operator
L, depending on the different situations analyzed in relation to

the sign and the values of the parameter }'.

The content of this work is organized as follows: first and
foremost, we make a detailed presentation in section 2 of the
preliminaries related to the concept and notions of the well-
known noetherian theory. Section 3 presents the main
important results, formulated through different theorems,
obtained from this work and is clearly dedicated to the cases

studied, with dependence on the sign and values of ¥, in other
(related  to the cases a) Y =0. 1

¥ < 0,7y # —1;andc) ¥ = 0). And to close this work,
we finally summarize the content of the investigations in
section 4 entitled conclusion, followed by some
recommendations for the continuation of future scientific work
to be undertaken.

words

Il. PRELIMINARIES

Before presenting in full detail our main results, the
following definitions and concepts well known from the
noetherian theory of operators and used in our previous
research are required for the realization of this study. We also
recall the notions of Taylor derivatives and linear Fredholm
integral equation of the third kind, widely studied in many
scientific books and works such as in the references [1], [2],
[31, [4], 51, [6], [7]. From papers [8], [9], [10], [11] it is
presented the application of this specific notion of derivatives
to reach noetherian theory. Taylor derivatives illustrated in the
work [12], [13], [14], [15], [16] made it possible to guarantee
the noetherian property of the investigated operator through
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the integral equation studied. Research carried out on the basis
of the results from the books [17], [18] conduct many
scientists to obtain serious results as well as illustrated in the
papers [19], [20] and [21]. These authors through their
researches called upon this notion which, with the same
objectives, made it possible to construct the noetherian theory
carried out on the basis of the important theoretical aspect
from the book [22], and also when realizing out the finite-
dimensional extensions of the initial noetherian operator. On
this idea see also [23] and [24] in which one can find more
details.

First of all, let us move to the following concept.

A) Noetherian operator.

Definition 1. LetX, Y be Banach spaces, 4 € I(X,Y) a
linear operator. The quotient space cOker 4 =Y /imA
is called the cokernel of the operatorx"fl. The dimensions
a(A) = dimkerd, f(A) = dimcokerA are
called the nullity and the deficiency of the operator A,
respectively. If at least one of the numbers (I(x‘fl] or ﬁ(ﬂ]
is finite, then the difference Ind A= GE(A) - ﬁ(ﬂj is
called the index of the operator A

Definition 2. Let X, ¥ be Banach spaces, 4 € (X, )
is said to be normally solvable if it possesses the following -
property: The equation Ax = ¥ (VY E ¥Y)(v € Y) has
at least one solution X € D(A) (D(A) is the domain of
Ay if and only if <y, f>=0VfE (imﬂjj‘
holds.

We recall that by the definition of the adjunct operator
(im A)*+ = ker A" and it can be easily proving that the

operator Ais normally solvable if and only if its image space

tmA is closed.

Definition 3. A closed normally solvable operator A is
called a noetherian operator if its index is finite.

By the way, we briefly review this important notions of
Taylor derivatives which is widely used when constructing
noetherian theory of the considered operator A.

Definition4. A Continuous function
qp(x] 3 C[—l,l] admits at the point X = 0 Taylor
derivative up to the
order
p € N if there exists recurrently for k =
1,2,...,p,

the following limits:

0" (0) = k! lin& xk [(p(x) -
_reo)
2 @Tx; ]
)
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The class of such functions QDICX:J is denoted
{p}
Cr[-1,1]
Next, let us move to the following part.
Let C™[—1,1],m € Z_, noted the Banach space of
continuous  functions on [—1,1], having continuous

derivatives up to order 1T, for which the norm is defined as
follows:

= Z;ED MaX_j:x= 1|(P{j] (le
®)

"‘P{:lelcm[—l,l]

So, that we can consider qp“‘}('[]] are defined for all
k=12,..,p.

We define Cﬂp} [—1,1] as a subspace of continuous
functions, having finite Taylor derivatives up to order
peL,; and when
p =0, weput (CP[-1,1] = €0[-1,1] =
Cl—1,1D

Let us also define a linear operator N & on the space

{p}
Cﬂp [—1,1] by the formula:
i
. fp{xj E.’{ 1@~7lod - (o) |
(N (PJ {:x] - ok ] k =
1,2,...,p.
(4)
One can easily verify the property
k k k—k
N* = Nk Nk—*1 0 < |, < k, k, k, € Z,,
wherewe put N% = I
Definition 5. The operator N¥ is  called
}
the characteristical operator of the space Cﬂp [—1,1].

Remark: The meaning of the previous definition can be
seen from the verification of these following important lemmas
below and also connected with full construction and

AIp+n-1}
description of the special space C,;l PERTEI-1,1]

Lemma 2.1. A function @ (X ) belongs to Cup} [—1,1]

if and only if, the following representation

e(x) = xPP() + Zh_, @, XF )

holds with the function (ﬁ’(ﬂc] € C[—1,1] and o,
being constants.
To prove Lemma 2.1 it is enough to observe that (5)

implies that the Taylor derivatives of (P(I] up to the order

Pexists, and more
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@{k}({]] = k!ﬂ:k,k = 0,1,2,.._,?9 _
1,69(0) = p! $(0)

withg(x) = (N* @) (x). Conversely, if

@(x) belongs to Cc{,p}[—l,l], and we define

d(x) = (N*¢)(x) with
(PER}{D]

a, =——,k=0,12,...,p — 1, then the

representatioh (5) holds. From Lemma 2.1, it follows that for
v}
p(x) € c, P2 [—1,1] the inequality

o) = xP (N5 @) (x) + X7 L =@

k!

. (6)

is valid.
Consequently, the linear operator NP establishes a relation

between the spaces Cu{p} [—1,1] and C[—l,l]. The
space C,:Ep} [— 1, 1] with the norm

llell Cép}[_m] = "Npﬁi’"c[—l,l] +
-1
oo |#% (0]

becomes a Banach space one.

()

Let note also that we can define the previous norm in the
following way:

"(-p" ;P}[ 1,1] - "prpllc[_l 1]+
|f1;.:| = |[pC)lrv.1] "‘Z

Sometimes it is comfortable and suitable to consider as

|ﬂf;:|

norm in the space
defined as follows:

b
loll g = D Vol

We can also note a very useful and clearly helpful next
inequality:

}
Cﬂp [—1,1] the equivalent norm

-1
ol < IN?@llcia + D [0V O] = lloll g,
j=0
Therefore, it is obvious to see that
lollcrrn <lell o,

Finally, note that from the Lemma 2.1 it follows the
following ~ fact, if @(I] € C[—1,1].  then

p}
x‘”qp(x] = Cﬂp [—1,1]. This assertion may be
generalized as follows.
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Lemma 2.2. Let peENseZ,. If
o(x) € G [-1,1]
then XP(x) € C,:ENS} [—1,1] and the formula holds

5
(xPo(x))”"(0) =
{ 0,j=01,...,p—1,
L {j-p} :
G T0)j=p,...,p+s.
(8)
Proof. Note that a stronger assumption on the function.

@(x), such that @(x) € Cép-'-ﬂ[—],l] would

allow us to easily prove the lemma just by applying Leibniz
formula.

For § = 0 the statement has already been proved above,

s0 xPo(x) € Cép}[—l,l],and
{j} .

(x"@(x)) " (0) = 0,j = 0,..

(x'p (x]){p}ﬂ]] = p! qp({]] Now let us prove that

(0() " () = L5 0U P @, = p +
1,....,p +s.

Lp—1 and

Since the derivatives are defined recurrently, and (8) is true
for ] = P, then it is sufficient to verify the passage from
jtoj+1

We have:
{j+1}
(xPe(x))" (0) =
. ') -
‘ _ P () -El_prs P 0)
(j+ D!lim,_., x;}lp '
©)
Doy
, . o) -1 px =
=(j+ 1D'lim,_., ;+1 > =
(_J‘-+1J' {j+ 1—13}
(j+ 1—;5]:('0 (0)
(10)

Lemmas 2.1 and 2.2 imply the next important lemma.
Lemma2.3. Let

f(x) € CP'[-1,1],p € Nand f(0) =
..... =fr-13)=0,1<r<p.
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B) Associated operator and associated space.

Definition 6. The Banach space E'cE* is called
associated space with the space E, if

|(F, @) = clifllg l@llg forevery @ €E,fEE’

We note that the initial space E can be considered
associated with the space EI. Moreover, the norm "f"E; is
not obliged to be equivalent to the norm || f" E*.

Let be noted E(E 11 Ez ) the banach algebra of all linear
bounded operators from E1 into Ez.

Definition 7. Let E;,j = 1,2 two banach spaces and

EJJ- their associated spaces. The operators
A€ L(ELE,) and A" €L(E',E')) are called
associated, if (Arf,(P] = (f,A@) foran f€ EJ2 and
@EeE,;

It seems that, it is possible to formalize the noetherian

property in terms of associated operator and associated space
following these lemmas.

Lemma 2.4 Let E;,j =
E’j their associated spaces and, let Ae E(El,Ezj and
A" € L(E',,E

more,

1,2 two banach spaces and

r
1] be associated noetherian operators and

a(A) = —a(A").
Then, for the solvability of the equation A(P ="fitis
necessary and sufficient that (f, lIJ] = 0 for all solutions of

. . '
the homogeneous associated equation A lIJ =0
Next, let us move to the presentation of the general
important results of the work in the following section.

I11. MAIN RESULTS

In this section we undertake properly the noetherization

theory for the investigation of the operator L.

Namely, here we consider as a model to be investigated,
the higher order linear differential equation defined by the
formula (1).

It is clear that the results on such equation could be receive

from those obtained in the situation 11 = 1, making the

change of function Z(l’] = }1{“_ 1) (XJ transforms the
equation (1) into the following equation

xPz'(x) +yz(x) = f(x)

which, we already investigated in full detail in [32].

As previously, we consider f(x) € Cép}[—l,l]. Note
that the results of the investigation of such equation which, we
already investigated with full details in [32].

Therefore, let us note that the demonstrations of all the
theorems formulated below are obtained in the same way as
those carried out in relation to the different simple cases,

11)
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meticulously analyzed and exposed when M = 1.
Consequently, it would be judicious and useful to refer to it to
similarly obtain the proofs of said theorems in the new cases
mentioned in the present work.

We begin the analysis of the equation (1) with the case

p =1
A. The Euler case situation.

Let the operator L defined by the formula (1) and
r=1 1Le
Ly(x) = Py ™ (@) + yy™ P (x) = f(x)i n =
2,x € [—1,1]
A Thecase ¥ = 0.

From the paper [32] when P = 1 in the space

C1[—1,1], we obtained the form of the solution by the
following way :

Yo @) = 2(x) =
x Y
Iy ) wpde+£2,
f(o]

x>0,
X =

—j ('tl) (Nf)(t)dr+f(°] x <0.
0

(o)t N =

with respect to the specific way of the formula (12) the
r
solution of the equation ¥ I[JC) = g(x) on the segment

[—1,1] we will take by the formula
[Fg(tdt,x =0,
y(x)=1{""°

o (13)
— jx g(t)dt,x = 0.

In the case of the equation of higher order than one in (13)
then we obtain multiple integration, to which (separately by

x > Oandby x < 0) the Dirichlet formula is applicable.
All that after some small computations leads us to the
following:

_f(o)

y(x)=P, ,(x)+—"= —n i * x*1 4
J; k(YN (s)ds ,x = 0,
[0k, )N (s)ds, x <0,
(14)

where the kernel k(l’, -5') in (14) is defined by the following
formula:
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k(x,s) =
er{x_t:]n—z
s (n-2)

- 50 (l[j)

Therefore, it holds the following theorem.
Theorem 1:

Let y>0,and f(x) € CX[—1,1]. The

equation (11) is solvable in the space Cﬂ[—l,l] and has
the solution of the form (14). The corresponding operator

1
L-C*[-1,1] — CD{ }[—1,1] is a noetherian operator
with the characteristic numbers of the form [ﬂ, - 1,':]) and

the index ¥(L) =n — 1.

G)F dt, x > 0,s > 0,

—x)"%dt, x< 0,5 <0.
(15)

Proof. Similarly as in the simple case when n=1
completely investigated in [32]. In other words, first give the
exact operational interpretation by introducing the inverse

operator L™Y where L is defined by (1). So that let
L™t Cgl}[—l,l] — €"*[—1,1] and L™ defined by the
obtained following formula .
Fio n-1, fn k(z.s)Ns)ds x >0,

B, _,(x) + o 1:”:{

]
f k(x, =)(NFI(=)ds, x =0,
X

Of course it is simply sufficient to take the expression of the
solution defined by (14) as (L™2f)(x) analogous to that of
the case of 1 = 1 expressed by (17) defining the operator

L1 similar to our formula (14), with the kernel designated by
the term (15). It is then necessary to obtain by the same

scheme, the result on the fact that the two operators L and
L1 are bounded, by relying on Lemma 3.1 demonstrated in

[32]. From this, it follows that both operators
L:c*[—1,1] - ¢ P [-1,1] and
L1 C;ﬂ[—1,1]+C”[—1,1] are bounded and
invertible. Next, we can see easily the relations

LI = £, f € ¢ [—1,1] and (L71Ly) (%) = y(x)
take place as proven in the formulas (27) and (28).

b) Thecasey < 0,y = —1.
Under investigation of equation (11) similar to the

previous case investigated when 11 = 1 in the paper [32],
we obtain the following relationship:
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yo U (x) = z(x) = ¢, |x] ¥ +
czlxl‘}’si‘gnx+mil —|x|7") +
¥

-2 wp@ae,x =0,
1% (E) wnH@ade,x < o.

(16)
and some computations similarly as those realized when we

investigated the case ' = 0 give us the description of the
solution in the following way:

y@) = Py () + 25 x

[, k(x, s)(Nf](s]der T -
12, k(x S)(NF)(s)ds +" “ f“” [

f (x — )" 2t~ ]"dt x:>0

ﬂ.—l_|_

(n 2]
&j (t — x)"2|¢t|~Ydt ,x <0,

(17)

where the kernel k& (I, S] has the following form:
k(x,s) =

) oo 05

(—1)mt 0 15l
n—2)! fmax(mj (E) (e —

)2 dt, x < 0,s < 0.
(18)

Therefore, it holds the following theorem:
Theorem 2: Let

y < —land f(x) € C2[—1,1]. The equation
(11) is solvable in the space c" [— 1,1] and has the solution
of the form (17) where the kernel k (I, S] is defined by the
formula (18) with C4 and Co — arbitrary constants. The
corresponding operator L: C™[—1,1] — C,:El}[—l,l]
is a noetherian operator with the characteristic numbers of the
form (1 + 1,0) and the index ¥ (L) =n + 1.

Proof. Similarly, as in the situation of the demonstration of the
previous theorem, we arrive by the same considerations to

prove that the two operators L: C™[—1,1] = C‘i}[ 1,1]
defined by (1) and

E-ISSN: 2313-0571
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y(x) =
Paa(x) + L2t +

Jy ko, YA ()ds + Lo [F (e — ™2 (-t
12, k() (NF) (s)ds + S2ED [0 — )72 e Ve

.n_«}f (x—t)" %t 7¥dt ,x =0
-;_1:' 55
(m—2)!

fx (t —x)™ 2|t|7Vdt ,x < 0,

with the kernel kfx, 5] is defined by (18) are bounded and
invertible in the functional spaces relating to them.
& The case ¥ = 0.

This case is trivial and we can easily state the following
theorem:

Theorem 3: Let ¥ = 0,and f(x) € Cép} [—1,1].

For the solvability of the equation (11) in the space
C"[—1,1], it is necessary and sufficient the
accomplishment of the
conditions

F0) = (0) = - = F-2}(0) = 0.

Under realization of these conditions, the solution of the

equation (11) is given by the formula of the following form;

}J {:x] =
1-1 2 (I] +

f (x — )" (N?f)(D)dt

(19)

where P,_5 (x)isan (n — 1)th — order
polynomial with arbitrary coefficifn;s. The corresponding

e . .
operator L: C™[—1,1] — C, [—1,1]is a noetherian
operator with the characteristic numbers of the form
I[Tl - 1,}0] and the index}f@) =n—1- D.
Proof. The proof as in the case of the similar situation studied
when . = 1 is based on the simple decomposition of the
operators L and L™ into the sum of two operators in the

(LL72)(x) = (I — P, where

following way

(Pf)(x) = f(0) and
(L7 Ly)(x) = (I — Py with
(Pg }’) (I] = }’(—D from where Pl and Pg are
the projection operators, |- the unitary operator.

Non Euler case (case P! = 2]
Let the operator

L: PP 11] - CP[=1,1] given by
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the left-hand side of the equality (11) be defined onto the

{p+n-1
functions from the space C;l PERTEI—1,1].

a)The case ¥ = 0.

In this case we have the following result easily deduced when
making the substitution.

y& U (x) = z(x) =

¥ 41D

ce’ ™t +

g Y 1-p ¥ i1

e L
5 @, x=0
¥

Lyt P L pp dt
f_le p-1 f(t]t—p,xiﬂ.

,x =0,

(20)

where € is an arbitrary constant. Taking into account the
formula (13) and applying the Dirichlet formula, we obtain the

following result:
y() = P 0+ [ -

x)"? =

dt] +
[ k(x,$)f (s)ds ,x > 0,
fik(l’, s)f(s)ds,x < 0.

(21)
where the kernel k(l’, S] is defined by:
k(x,s) =
1 _511_151_10 ¥ $1-0
X .
( z]'fs - —(x—t)"Perr dt, x>0,5>0,
n— H 5
-t 9‘5}’?1’ w2 P
(n—2n fmax(s,xj (t—x) dt,x <0,s {aﬁd P

(22)

and Pn_g (I) a polynomial with arbitrary coefficients.
So that we see it holds the following theorem:

Theorem 4: Let ¥ = 0,
fe) €CP-11],p =2 andn = 2.7

equation (11) is solvable in the space

C;L{p e 1}[—1, 1] with a right-hand side f () and

the solution is given by the formula (21) where the kernel
k (X, -5') has the form (22). The corresponding operator

nip+n—1} {p} )
L:C, [-1,1] = CP[-11] s
Noetherian with the characteristic numbers (Tl, DJ and the

index }[EL] =Mn.
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Proof. Obvious as in the case of the simple situation when n=1.

b) The case ¥ < 0.

From our previous obtained solution of the equation (1) from
we have:

Y i
j(n_lj{: — — p_lxl v
3 x) =z(x) = ce; +
¥ 1-p _ Y s1-p
el fxle =y f(t)%, x >0,
O T
i-p
—ep o f e - — f[t)%, x < 0.

(23)

where C is an arbitrary constant. From that and using the same
method as upstairs we find

y() = Py () + | [P -
¥ i
t]“‘zep-iﬁ pdt] +
+

folk(xr s)f(s)ds,x =0,

f;kEX, s)f(s)ds ,x < 0.
(24)

where the kernel k(lf, S] in the formula (24) has the
following form:

k(x,s) =
S ¥ oaep

o g P72 n-2 71t
r—y fmi.nl'::'_.s'} = (x — t)" Zer dt, x = 0,5 =0,
¥ s-m

1

s-"' ¥ a-m

(t—x)"2ePr+ dt, x<0,5<0,

(—10" s P-
(mn—2M “r

sF

(25)

n—2 (I) a polynomial with arbitrary coefficients.
Now let us formulate the last theorem as follows.

Theorem5: Let ¥ << 0,
fo) €CP[-11],p = 2 andn = 2. The

equation (11) is solvable in the space

C;L{p +n— 1}[_1’ 1] with any right-hand side f(xj and

the solution is given by the formula (24) where the kernel

k (1’, S) has the form (25). The corresponding operator
LMY 11] - CP 1,1k
Noetherian with the characteristic numbers (Tl, DJ and the
index }[EL} =Mn.

Proof. Refer to the demonstration of the theorem in the
completely studied analogous situation when 1 =1,

completely investigated by applying Lemma 3.2, Lemma 3.3,
and Lemma 3.4 in [32].
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To close our research carried out in this work, let's go straight
to the next part entitled Conclusion.

IV. CONCLUSION.

This scientific work presents in detail the different stages of
the complete investigation of the realization of the
construction of the Noetherian theory for the differential
operator L, defined by a linear singular differential equation of
higher order n in the space of continuous

functions £ [—1,1]. We have identified the solvency
conditions of equation (1) taking into account the nature of the

parameter ' £ R in various analyzed situations. Considering
the above, we have managed to progressively determine the

deficient numbers (fI, ﬁ ] characterizing the operator L, with
a(L) = dimkerL, B(L) = dimcokerL called

the nullity and the deficiency of the operator L, respectively
and, consequently, subsequently the index
Ind L= y(L)=a(L)— B(L) of the operator L is
defined in an induced manner, which is a finite number in all
the cases studied, making the operator considered a Noetherian
operator.

It is clear to mention quite naturally that in this
investigation carried out, we were able to conduct the most
important and necessary study to carry out the construction of
noetherity of an integro-differential operator A, defined by a
singular integral equation of the third type having for the main

part, the studied operator L considered. We know from the
general theory that, under perturbation of a noetherian operator
by a compact operator and, in the case to be investigated in a
brief future, we will reach and maintain the noetherity nature

of the initial operator L. This will be the next future work to
undertake when we do consider first of all, the operator A as a

sum of two operators Land K where, L is the operator
defined by

Ly(x) = x*y™ (%) +yy " V() = f(x)
and K is a compact operator defined as follows
Kp = f_ll k(x,t)y(t)dt. in other words, using the

results obtained in this work relative to its principal part L, we
will arrive at the noetherization of the operator A defined by
the following third kind integral equation

1
Ay(x) = 2Py (x) + yy =0 (x) + f Kenpmde =)

in the functional space chosen adequately taking into account
the compactness of the operator K.

It is worth noting that the results of the investigation of the

noetherity of the operator will not only lead to the
construction of the complete noetherian theory of an integro-

differential operator - defined by an integral equation of the

E-ISSN: 2313-0571
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third kind in suitable functional spaces having as their

principal part the said operator -, but will also bring out the

conditions of solvability of the operator - in parallel.
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