
 

 

 

Abstract—In this research work, we aim to find and 

describe all the classical solutions of the homogeneous 

linear singular differential equation of order l in the space 

of K' distributions. Recall that in our previous research, 

the results of which have been published in some journals, 

we had undertaken similar studies in the case of a singular 

differential equation of the Euler type of second order, 

when the conditions  were 

carried out. That said, our intentions in this article are 

therefore to generalize the results obtained and recently 

published, focusing our research on the situation of the 

homogeneous singular linear differential equation of order 

l of Euler type. In this orientation, we base ourselves on the 

classical theory of ordinary linear differential equations 

and look for the particular solution to the equation 

considered in the form of the distribution  

with a parameter  to be determined, which we replace in 

the latter. Depending on the nature of the roots of the 

characteristic polynomial of the homogeneous equation we 

identify, case by case, all the solutions indicated in the 

sense of distributions in the space K'. In this same work, we 

return to the non-homogeneous equation of order l of the 

same Euler type, whose second member consists only of the 

derivative of order s of the Dirac-delta distribution studied 

in our previous work, to fully describe all the solutions of 

the latter in the sense of distributions in the space K'. 

We finalize this work by making an important remark 

emphasizing the interest in undertaking research of the 

same objective of finding a general solution, by studying 

the singular differential equations of the same higher-

order l with the particularity of being of Euler types on the 

left and Euler on the right in the space of distributions K’. 
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I. INTRODUCTION 

It is well known that differential equations and partial 

differential equations as part of mathematics are widely 

applied in the studies of several natural physical phenomena. 

By this means, modeling situations to be investigated are 

carried out via differential equations and partial differential 

equations. 

From the general theory, we know that ordinary 

differential equations (ODE) are those in which the unknown 

function or functions depend on only one variable. It is quite 

clear that calculating a derivative is easier than solving a 

differential equation generally. For instance, several types of 

differential equations, depending on their category, can be 

solved easily and others with more difficulties. When the 

unknown function contains several independent variables, then 

we speak of partial differential equations (PDE) and it is 

known that difficulties may increase, as well as calculating 

partial derivatives of such functions as solving partial 

differential equations in which they are playing a role. 

Sometimes, it may be challenging to solve some type of 

complicated differential equation. However, solving a 

differential equation is always opening the way for its solution 

to undertake a new study once more and, then also guide us to 

a complete comprehension of a physical phenomenon in our 

daily life. One may also understand and know that it is not 

easy in some specific cases to solve certain kinds of 

differential equations, even those of the first order. Solving a 

differential equation is always conducting us in our mind to set 

a new kind of differential equation to be investigated and 

solved. Depending on the spaces in which the solution of 
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differential equations is sought, we can face unwanted 

situations according to the form of the solutions. For example, 

a simple differential equation 

 
has the following form of a distributional solution in the space 

K’ 

 

 
where    

 

 
 

is the Heaviside test function. 

 

This result has been proved by deducing it from the formula 

(11) in the paper, [18]. 

 

From the previous, we can see and note that the solution of 

such an equation is not unique and depends on 

arbitrary constants. 

In the upstairs studied example of the simple differential 

equation we applied the Fourier transform to investigate the 

existence of zero-centered solutions moreover this method had 

been also used when solving some kind of differential 

equations in our previous works. Analogically, but this time 

another method was used in [19], when other scientists applied 

the Laplace transform to search the generalized solutions of 

the fourth-order Euler differential equations  
 

 
  

where  is an integer and . From their work, they 

brought out a distributional solution and a weak solution 

depending on the relationship between the parameter  and 

some constant . For explanations and more details on 

this investigation refer to [4], [5], [19]. It is necessary to note 

that interesting scientific works, approaching problems of the 

same nature devoted to the differential equations of specific 

types in the spaces of the distributions were carried out by 

certain researchers, whose remarkable results are the subject of 

the contents of the publications, [22], [23], [24], [25], [26], 

[27]. 

Alongside many other papers scientists again, we also 

mentioned the brief survey of results on distributional and 

entire solutions of ordinary differential equations (ODE) and 

functional differential equations (FDE) which have been given 

in the work, [7]. Within this paper, a significant clear emphasis 

was devoted to linear equations with polynomial coefficients, 

with also a special approach related to the work on 

generalized-function solutions of integral equations. The same 

direction similar to this indicated research has been 

investigated in the paper titled «The distributional solutions of 

ordinary differential equation with polynomial coefficients» 

published in 2001. Full details in [8]. 

Recall first of all that it has been investigated a first-order 

linear singular differential equation with the goal to look at all 

classical solutions to its homogeneous equation, arriving to 

analyze them step by step in the space K’. Full details on such 

studied problem are localized in the scientific paper, titled «On 

generalized-function solutions of a first-order linear singular 

differential equation in the space K’ via Fourier transform. » 

[8]. In the cited work, we completely investigated the question 

of the solvency of the singular linear differential equation of 

the first order   in the 

space K’ mentioning all distributional and classical solutions 

which naturally verified the equation. For details see also, [6], 

[14], [18], [20].  

Analogically, to the upstairs scientific works already 

conducted and serving us as a fundamental basis to generalize 

and completely cover a such topic, we turn to the higher order 

linear differential equation  
investigated on the question of the existence of zero-centered 

solutions in the space K’, in the Euler case to describe all 

classical solutions. Explanations and full details related to this 

question and the analogical problem may be found in our 

recent publication, [18], and also in the papers, [11], [12], 

[13], [15]. Based on all that has been done and said, we 

naturally focus our goal to set the problem of the question of 

the existence and analysis of all classical solutions of the 

considered higher order linear singular Euler differential 

equation in the space of generalized functions K’. 

So here let us consider first the following higher order 

homogeneous linear singular Euler differential equation 

defined by: 

,                (1) 

where the parameters  satisfy the conditions 

  and the distributional 

function  is to be found from the space K’.  

The content of this research is organized in the following way: 

Section II is devoted to well-known concepts and notions 

related to some important facts of the general theory of 

differential equations and generalized functions in the space 

K’. Presenting the general results of our investigations, we are 

given in section III the overview of the whole research 

conducted with the formulated theorems and a description of 

the general solutions of the corresponding homogeneous 

equation with Dirac-delta function or its derivatives of s-order 

in the right-hand side firstly, and lastly, it is used previous 

results obtained to completely describe the solutions of the 

non-homogeneous. In the final part of the work, we summarize 

and conclude our investigation in section IV dedicated to the 

conclusion, followed by some remarks and necessary 

recommendations for the follow-up or future scientific works 

to undertake, stated in section V. 
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II. PRELIMINARIES 

Before proceeding to the main results of the work, the 

following definitions and concepts well-known from the theory 

of generalized functions are required to undertake the 

investigation. For more details, refer among many others to the 

following references also, [1], [2], [3], [9], [10], [19], [21]. 

 

Definition 2.1. Let K be the space consisting of all real-valued 

functions  with continuous derivatives of all orders and 

compact support. The support  is the closure of the set 

of all elements 

 
Definition 2.2. A distribution T is a continuous linear 

functional on the space K on the space of the real-valued 

functions with infinitely-differentiable and bounded support. 

The space of all such distributions is denoted by K’. 

For every  and  the value T has on  

is denoted by   . Note that  
 

Below, let us give some examples of distributions. 

(a) A locally-integrable function  is a distribution 

generated by the locally-integrable function .  Here, we 

define  

 
. 

In this case, the distribution is called regular distribution. 

(b) The Dirac delta function is a distribution defined 

by  , and the support of  is 

. 

In this case, the distribution is called irregular distribution or 

singular distribution. 

 

Definition 2.3.  The sth-order derivative of a distribution T, 

denoted by , is defined by 

 for all . 

Let’s give an example of derivatives of the singular 

distribution 

  we have: 

a) ; 

b) 

 
Definition 2.4.  Let  be an infinitely-differentiable 

function. We define the product of  any distribution  in 

K’ by   for 

all . 
Now we can move to the important part of the work stated in 

the following section. 

III. PRINCIPAL RESULTS OF THE WORK 

The following part is presenting, step by step, completely the 

global results of our investigation devoted to the research of 

classical solutions of the considered equation in the space K’, 

which takes the form numbered (2). 

              (2) 

From the general theory of differential equations, it is well-

known that classical (regular) solutions may be found in the 

following way defined by formula (3): 

                          (3) 

where    is an unknown parameter to be determined. 

Putting  and next after computing its i-th derivatives 

replaced into (2), with respect to the conditions on  leads us 

to the following result:   

   (4)                       
So let us denote this polynomial as follows  and we call 

it the characteristic equation of equation (2) : 

                            
(5) 

Remark that  is an l-order equation relative to the 

parameter and as it is well known, this equation admits 

exactly l roots. This will lead us to distinguish different cases 

for our investigation depending on the multiplicity of the roots 

 solutions  . Therefore, now our goal is to pick 

from the classical solutions of equation (1) those which are 

locally integrable functions. In other words, we construct from 

the classical solutions, the corresponding solutions in the 

meaning of distributions from the space . So, let us 

enumerate the following situations described below and then 

we have:  

1) All the roots of the polynomial are simple 

different real roots, 

such that . Then, the solution of 

the equation in the sense of K’ is defined by the formula : 

                                   
(6) 

where ,   are arbitrary constants and  

 is the Heaviside test function. 

2) Next, we consider the case when the roots of the 

characteristic equation  denoted  are m - times 

roots. Then, if the solution of equation (2) 

corresponding to this root is defined by the formula : 
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      (7) 

where ,   are arbitrary constants. 

3) Let now all the roots  be simple. Then, the 

solution of equation (2) has the following form: 

                                            (8)                                                                

where ,   are arbitrary constants. 

4) Finally, let the roots  of the polynomial be the 

complex conjugates of an order of multiplicity such 

that .    

Then, the solution of the considered equation corresponding to 

this root is defined by the following formula: 

 

                                          (9) 

where , '   are arbitrary constants. 

 

Immediately, we note that the verification of all these solutions 

under substitution into equation (2) has been realized in the 

simple case investigated in our published paper related to the 

second-order similar Euler differential equation. Refer to [17], 

[18]. 

All that has been investigated in the previous lines and on 

the basis of our results published in the paper, [17], leads us 

finally to write the general classical solution of equation (2) in 

the Euler case situation. So, takes place the following two 

theorems: 

 

Theorem3.1.  

Let  

and fulfilled the 

condition

 

Under the accomplishment of these conditions, the general 

solution of equation (1) can be expressed within the following 

part taking into consideration the nature of the roots of the 

polynomial . So that. 

1) Let , . 

a) The roots  of the polynomial  are simple and such 

that, all  (  Then the  general  solution of 

equation (1) has the following form: 

                                                                     (10)                                                                    

where    are arbitrary 

constants. 

b) The roots of the polynomial are such that,  are 

 order of multiplicity   , and 

 Then, the solution is defined by: 

 
                                                 

(11)                                   
where  are 

arbitrary constants. 

c) The roots of the polynomial  are such that, 

 and simple. Then the solution is defined by the 

next formula : 

                                                  (12) 

where  are 

arbitrary constants. 

d) The roots  of the polynomial  are complex 

conjugates of   order of multiplicity. Then, the solution 

is expressed by the next analytical formula: 

 

(13) 

where 

are 

arbitrary constants. 

Now let us move to the next following theorem. 

 

Theorem3.2.  

Let  

and fulfilled the conditions  

 and be existing at least 

one 

  such that  

Then, the general  solution of the equation (1) is defined 
in the space K’  by the formula: 

a) The roots  of the polynomial  are simple and 

such that,                    
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                                                             (14)                                                                                           
 where   

are arbitrary constants.  

b) The roots  of the polynomial   are such that   

are  order of multiplicity  

and  Then, the solution is defined by: 

 

                                                                 (15)                                                                 

where ,   

 are arbitrary constants.  

c) The roots  of  the polynomial   are simple and 

such that  and in this case the general solution of 

equation (1) is defined as follows: 

                            (16)                                                                      

where ,  , 

 are arbitrary constants. 

d) The roots  of the polynomial   are complex 

conjugates of order of 

multiplicity . Then, the solution 

is expressed by the next analytical formula: 

 

 (17) 

where

are arbitrary constants. 

 

Proof: The proofs of all these theorems can be easily deduced 

from the construction process even from the solutions 

obtained, analogically as done in the simple case investigated 

with full detail, [17]. 

Lastly, let us do this important remark also. 

 

Remark. As we have completely investigated the differential 

equation (1) in the Euler case situation, then analogically as 

the results obtained from the investigation of the second order 

singular differential equation in the left Euler case situation, 

we can similarly consider the question of the solvency of the 

equation of the higher order for generalizing the general 

similar cases when considering the next differential 

equation: , 

with the conditions  

 

1. We may call this equation (in the two situations appearing) 

the left Euler case equation or the right Euler case equation, 

depending on the cases when  1 or if 

1. 

Before concluding, let's say that the generalized function 

is a solution of the homogeneous differential 

equations (1)-(2) in the sense of distributions if and only if: 

         

                              (18)                     

And in the case of the non-homogeneous differential equation, 

 it should be realized: 

                                                                             (19) 

For example, one should verify in the case when the roots of 

the polynomial  are complex conjugate of 

order multiplicity, it should 

be realized 
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with the solution expressed by the next formula obtained in 

(17) which we recall once: 

 

                  
Now let us state a conclusion at the end of this work. 

IV. CONCLUSION 

In this completed research, we have completely undertaken 

and finalized the search for classical solutions to the singular 

linear differential equation of Euler type (1) in the space of K' 

distributions. The methodology of the search for solutions is 

based on the replacement of the particular known form of the 

latter in the form where unknown value) in 

the equation in question, this led us to analyze the different 

roots of the characteristic polynomial , and, depending 

on their nature, we managed to immediately write the form of 

the corresponding solutions in the sense of the distributions. 

By making an extension of this work and based on our 

research carried out in the past, of which we use the results 

obtained, we had formulated thus, in the global theorems 3.1 

and 3.2 which describe, case by case, the general solutions in 

the sense of the distributions of the non-homogeneous equation 

 having the same form of 

the associated homogeneous equation of type (1). 

It should be also remembered that in classical mathematical 

analysis, the notion of distribution, also called generalized 

function, refers to an object that generalizes the notion of 

function and measure. A well-developed theory of 

distributions establishes and extends the notion of derivative to 

all locally integrable functions and beyond. Note its use in the 

formulation of solutions to certain types of partial differential 

equations. Their notorious importance in the fields of physical 

sciences and engineering where there are several discontinuous 

problems naturally lead to situations of differential equations 

whose solutions are sought are distributions rather than 

ordinary functions. 

 

V. RECOMMENDATIONS 

This achieved work will help us to undertake in the brief 

future, the investigation of all distributional solutions of a 

more general standard situation of the l-order linear singular 

non-homogeneous differential equation in the cases called the 

left and the right Euler cases ( in the space of generalized 

function  of the following type 

when the 

parameters satisfy the conditions 

and, for which we have 

already defined all the generalized - function solutions in the 

space . On this matter refer to the publications, [16], [17]. 

Therefore, and consequently, we could also completely be able 

to describe both all the generalized functions and classical 

regular solutions of the equation evoked. 
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