
 

 

 
Abstract—A KDamper oscillator is proven to be a more 

effective alternative to conventional Tuned Mass Damper 

(TMD) approaches and Quazi Zero Stiffness (QZS) or 

negative stiffness isolators. In this paper, an extended 

version of the KDamper (EKD) concept is employed to 

control the dynamic responses of an undamped (or low 

damper) SDoF system subjected to various dynamic loads. 

The KDamper consists of an additional mass, artificial 

dampers, and positive and negative stiffness elements. The 

additional implemented mass is one order of magnitude 

smaller as compared to most mass related vibration 

absorbers (TMDs, TMDIs, KDampers, etc.). The artificial 

dampers and the stiffness element values are selected 

following an engineering-criteria driven optimization 

procedure that accounts for geometric constraints and 

manufacturing limitations. The negative stiffness element 

is realized with an articulated mechanism that employs 

pre-stresses conventional stiffness elements (spiral springs) 

and generates controlled negative stiffness (NS). In order 

to exploit the advantages that the inherent nonlinear 

nature the NS offers, such as robustness, broadband 

response and energy sinks, the proposed dynamic 

vibration absorber is designed to present significant 

geometric nonlinearity, that varies from none (linear 

system) to extreme. Thus, different test cases are presented 

with respect to the desired nonlinearity of the generated 

NS, as well as to the type of the external load subjected to 

the structure. This way we can determine in which cases 

extreme geometric nonlinearity is beneficial to the dynamic 

behavior of the controlled structure. 
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I. INTRODUCTION 
HE KDamper concept is essentially a combination of a 
classic Tuned Mass Damper with a negative stiffness 

element. 
In the literature there are numerous passive, semi-active and 

active vibration control techniques, which among them, the 
Tuned Mass Damper, TMD (implementation of an additional 
mass) is perhaps the most popular and mature theory. The 
TMD, which is a commonly known dynamic vibration 
absorber, is a classic mechanical device that consists of an 
additional mass, a positive stiffness element (spring), and a 
viscous damper. In most cases, it is attached to a vibrating 
primary system/structure, to suppress any unwanted vibrations 
induced by wind and earthquake loads. The first theoretical 
application of the TMD concept was made by Frahm [1]. Later 
Den Hartog [2] made the first proposition of optimal design 
theory for the TMD for an undamped SDoF structure, and 
since then, the TMD has been implemented on a vast array of 
structures with the most interesting case being skyscrapers [3]–
[6]. A characteristic example of its implementation on 
skyscrapers can be found in one of the tallest buildings in the 
world, Taipei 101 Tower (101 stories, 504 m) in Taiwan [7]. 
Recent studies also include the use of TMDs for vibration 
absorption in seismic or other forms of excitation of structures 
[8], wind and wave excitation in wind turbines by [9] and 
torsional vibrations in rotating and reciprocating machines by 
[10]. Semi-active, active and non-linear configurations are also 
developed and found in [11]–[15]. The Active TMD (ATMD) 
is a hybrid devise that consists of a classic/passive TMD 
supplemented by an actuator parallel to the spring and damper. 
It is a widely known configuration in vibration control of 
structures and has been proved to yield enhanced damping 
performance [16], [17]. The disadvantage of such absorbers is 
that their effectiveness is directly affected by the accuracy of 
the actuators’ output, which over time can have an alternation 
in its performance by false estimating the desirable function of 
the vibration mitigation approach and eventually burden the 
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structure. 
The use of negative stiffness elements (or “anti-springs”) for 

vibration absorption was initially introduced in the pioneering 
publication of Molyneaux [18], as well as in the milestone 
developments of Platus [19]. The central concept of these 
approaches is the significant reduction of the equivalent 
system’s stiffness, which as a result, decreases the nominal 
system frequency (the system’s natural period is increased) 
even at almost zero levels, as in [20], thus, called “Quasi-Zero 
Stiffness” (QZS) oscillators. In this way, enhanced vibration 
mitigation is achieved, since the system exhibits reduced 
transmissibility for all operating frequencies above the natural 
one. 

The negative stiffness behavior is primarily achieved by 
special mechanical designs involving conventional positive 
stiffness pre-stressed elastic mechanical elements, such as 
post-buckled beams, plates, shells and pre-compressed springs, 
arranged in appropriate geometrical configurations. Some 
interesting designs are described in [21] and [22]. However, 
alternatively to elastic forces, other forms of physical forces 
can be used to produce an equivalent negative stiffness effect, 
such as gravitational [23], magnetic [24] or electromagnetic 
[25]. However, when dealing with seismic effects mitigation 
on buildings or bridge structures, where the values of negative 
stiffness required are quite high, elastic forces seem to be the 
only feasible choice. 

Among others, Quazi Zero Stiffness (QZS) oscillators are 
finding numerous applications in seismic protection [26]–[29], 
in all types of automotive suspensions [30]–[32] or in torsional 
vibrations [33]. Quite recently, periodic cellular structures 
with advanced dynamic behavior have been also proposed 
[34]–[37], combining high positive and negative stiffness. 
Although the physical mechanisms that generate increased 
damping in cellular structures are not well understood, micro-
buckling or slip-stick phenomena [38]–[40], could be among 
the possible explanations. 

In the meantime, quite interesting possibilities towards 
achieving significant damping have been demonstrated to exist 
also in materials comprising a negative stiffness phase [41], 
not only at a material level [42], but also at macroscopic 
devices [43]. In addition, such a behavior can be combined 
with high stiffness properties. A theoretical approach has been 
performed for the analysis of the static and dynamic stability 
of composite materials that incorporate negative stiffness 
elements [44]. However, the main disadvantage of Quazi Zero 
Stiffness (QZS) oscillators is the requirement for the overall 
stiffness of the system to be reduced significantly, even close 
to zero levels, fact that limits the static load bearing capacity 
of structures controlled with such absorbers. 

A promising class of absorbers is based on increasing the 
damping by the appropriate introduction of negative stiffness 
elements. Recently, Antoniadis [45] proposed a stiff and stable 
linear oscillator that incorporates a negative stiffness element. 
This novel type of oscillator can exhibit extraordinary 
damping properties. Moreover, the damping ratio of flexural 

waves propagating within layered periodic structures that 
incorporate such NS oscillators is increased by several orders 
of magnitude [46]. A similar concept, that introduces a 
negative stiffness amplifying damper, is proposed in [47] and 
[48], and is proven to achieve significant damping 
magnification effects. 

Exploiting the advantages of the traditional Tuned Mass 
Dampers and the ‘Quazi Zero Stiffness’ design, a novel 
passive vibration absorption and damping concept, the 
KDamper concept, has been proposed in [49]. The KDamper 
incorporates a negative stiffness element, that exhibits 
extraordinary damping properties, without presenting the 
drawbacks of the traditional linear oscillator, or of the negative 
stiffness (QZS) concepts. This vibration absorber is designed 
to maintain the total (static) stiffness as a traditional reference 
original oscillator. However, it differs both from the original 
SDoF oscillator, as well as from the known negative stiffness 
oscillators (QZS), by appropriately redistributing the 
individual stiffness elements and by reallocating the damping. 
Although the proposed vibration absorber employs a negative 
stiffness element, its parameters are properly selected in order 
for the system to remain stable in static as well as in dynamic 
conditions. The presence of an additional mass also serves in 
mitigating the effects of a vibrating load, operating as an 
energy dissipation mechanism (energy is transferred from the 
structure to the additional mass). The device overcomes the 
sensitivity problems of TMDs as the tuning is mainly 
controlled by the negative stiffness element’s parameters. 

The KDamper, and the extended versions of it, have been 
effectively implemented for horizontal [50]–[54] and vertical 
[55]–[57] seismic protection of structures, as well as for 
vibration absorption of wind turbine towers [58]–[61]. The 
complexity of the KDamper-based designs did not allow for 
the inherent nonlinear nature of the negative stiffness behavior 
to be accounted for. As a result, simple mechanical 
configurations were developed for the realization of the NS 
element, that generated linear (0-5% geometric) NS. 

In this paper, a realistic configuration is presented that 
employs common positive stiffness elements in an articulated 
mechanism, that can generate controlled NS. The proposed 
configuration enables the implementation of multiple linear 
springs. As a result, manufacturing limitations that occur from 
buckling phenomena and exceedance of torsional strength can 
be avoided. In this way, extreme geometric nonlinearity can be 
accounted in the design as a free design variable. More 
specifically, a closed form for the generated NS is obtained, 
which is pre-determined by properly selecting the system 
parameters and the maximum variation of the generated NS.  

An engineering-criteria driven optimization procedure is 
followed in order to properly design the EKD, that accounts 
for geometric constraints as well as manufacturing limitations. 
This way, the advantages of extreme geometric nonlinearity 
can be examined with respect to the structural problem and the 
loading type. More specifically, two different test cases are 
presented: (a) in the first one the imposed dynamic load has an 
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impulsive nature representing wind gusts, and in the second 
one (b) a seismic load is considered. 

More specifically, in Section 2 of the paper, a brief 
overview of the extended version of KDamper (EKD) is 
introduced. All the components of the EKD are presented 
along with the equations of motion of the system. A conceptual 
design for the realization of the negative stiffness element 
(NS) is proposed, that generates controlled geometric 
nonlinear NS. A design variable is presented, regarding the 
maximum variation of the NS, that is later accounted in the 
optimization procedure. In Section 3, a constrained 
optimization procedure for the design of the EKD is presented, 
that accounts for geometric constraints and manufacturing 
limitations (variations in stiffness values, realistic range for all 
the EKD components, limits in the system dynamic responses, 
etc.). Finally, in Section 4 two numerical examples are 
investigated, in order to verify the effectiveness of the EKD. 

II. METHODOLOGY 
The extended version of the KDamper oscillator [51] (EKD) 

is presented in Figure 1 and consists of a combination of 
positive and negative stiffness elements, artificial dampers, 
and an additional mass. A negative stiffness element (kNS) 
along with an artificial damper (cNS), placed in parallel to kNS, 
connect the structure mass m with the added mass mD. 
Furthermore, a positive stiffness element (kPS) and an artificial 
damper cPS (parallel to kPS) connect the additional mass mD to 
the base/foundation. Finally, the structure’s mass is connected 
directly to the base of the structure/foundation with a positive 
stiffness element kR. 

 

 
Figure 1. Analytical mechanical model of SDoF system controlled 

with an extended version of the KDamper vibration absorber 
 
The EKD can be used as a supplement to an originally 

undamped (or low damped) SDoF system in order to mitigate 
its dynamic responses. It has been proven that it can 
effectively reduce the structural accelerations, retaining at the 
same time the required displacements in reasonable ranges, as 
compared to other vibration absorption approaches (base 
isolation, TMDs, QZS) [51]. Alternatively, it can be used to 
mount a new structure of mass m, and isolate the induced 

vibrations (mechanical/machinery equipment). The equations 
of motion of this configuration subjected to a ground motion 
xG(t), and/or an external force P(t) are: 

   

( ) ( )
    

  

rel NS rel rel R rel NS rel rel

G

mx c x y k x k x y

mx t P t
 (1.a) 

   

( )
    

  

D rel NS rel rel PS rel NS rel rel

PS rel D G

m y c x y c y k x y

k y m x t
 (1.b) 

where xrel and yrel are the relative to the ground displacements 
of the structure and the additional mass, respectively, as 
presented in Figure 1.  

The artificial dampers (cNS, cPS) can be realized with 
common linear dampers, while the positive stiffness elements 
(kPS, kR) can be realized with conventional linear springs (e.g., 
spiral springs). 

The negative stiffness behavior can be achieved with 
various configurations, with respect to the application to be 
examined. In the case where the NS element is implemented as 
a device for vibration absorption of structures (e.g., seismic 
protection), the necessary elastic forces required can only be 
generated with special mechanical designs involving 
conventional positive stiffness pre-stressed elastic mechanical 
elements, such as post-buckled beams, plates, shells and pre-
compressed springs, arranged in appropriate geometrical 
configurations. Depending on the parameters of the NS 
mechanism, the system can generate negative stiffness that 
varies from linear up to extreme nonlinear (geometric). 

In previous work of KDamper-based concept, the adopted 
configuration was designed either assuming that the NS was 
constant (linear NS), or by properly selecting the parameters of 
the negative stiffness mechanism in order for the generated NS 
to present small variations in the range of 5-10%. 

In this work, the NS is realized with an articulated 
mechanism that employs pre-compressed spiral springs [20], 
[49], as presented in Figures 2-4. A number of horizontal 
conventional positive stiffness elements (kH) are connected 
with the structure’s mass by being attached in the rigid block 
presented in Figure 2.  

 
Figure 2. Schematic representation for the physical realization of the 
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NS element with pre-compressed spiral springs that generate 
controlled negative stiffness (front view) 

 
In Figure 3, the proposed mechanism is presented in its 

initial equilibrium position, as well as in its deformed state, in 
order to better present the negative stiffness behavior. Since 
the positive stiffness elements kH are pre-stressed, the 
generated vertical force that is transferred to the added mass 
by the articulated mechanism is in the same direction as the 
negative stiffness stroke xNS, thus generating NS.  

In Figure 4, a plan view of the proposed NS mechanism is 
presented. The conventional positive pre-stressed spiral 
springs are positioned radially with respect to the additional 
mass’s vertical axis. As a consequence, when the additional 
mass moves in the vertical direction, all the pre-stressed 
elements induce a force (fNS) in the additional mass that assists 
the motion of mD instead of opposing it, thus generating 
negative stiffness. This proposed configuration enables the 
implementation of multiple springs with constant kH, thus 
avoiding safety issues in the pre-stressed springs as, buckling, 
exceedance of torsional strength, etc. 

 
Figure 3. Proposed negative stiffness configuration in its initial 

equilibrium position, and in its deformed state, that generates vertical 
negative stiffness by employing horizontal conventional stiffness 

elements (front view) 
 
The equations of motion of the controlled system with EKD 

thus become: 
 

   

( ) ( )

   

  

NS
rel NS rel rel R rel NS x

G

mx c x y k x f

mx t P t
 (2.a) 

   

( )

   

  

NS
D rel NS rel rel PS rel NS x

PS rel D G

m y c x y c y f

k y m x t
 (2.b) 

 

where xNS is the NS stroke (relative displacement between the 
terminals of the NS element-NS mechanism), as presented in 
Figures 2-3: 

NS rel relx x y   (3) 
 
and fNS (xNS) is the total elastic force that is generated by the NS 
mechanism. 

 

 
Figure 4. Plan view of the proposed NS configuration with pre-

compressed spiral springs positioned radially (4 in this Figure) with 
respect to the additional mass’s vertical axis 

 
In order to calculate the exact value of the generated NS, 

first the potential energy due to the deformation of the 
conventional spiral pre-stressed spiral linear springs kH is 
calculated as: 
 

21( ) ( )
2

 
HNS NS k H H HIU x N k l l  (4) 

 
where lHI is the length of the undeformed springs kH, and lH is 
the length of kH in the deformed state at any given moment 
(Figure 3). NkH is the number of the pre-stressed spiral springs 
that are positioned radially with respect to the additional 
mass’s (mD) vertical axis. Based on the configuration 
presented in Figures 2-4, the lH is: 
 

2 2 1/2( )  H NSl b a x  (5) 
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where xNS is the NS stroke (Equation 3). Consequently, the 
elastic geometric nonlinear NS force that corresponds to the 
negative stiffness is: 

2 2

2 2 1/2

( ) (1 )

11
(1 / )

 
    
 

 
  

  

H

H

NS HI
NS NS k H NS

NS
NS

k H I NS

NS

U l b
f x N k x

x a x

N k c x
x a

 (6) 

, 1 0


   HI
I I

l b
c c

a
 (7) 

 
Having a closed form for the generated elastic NS force, the 

negative stiffness produced by the elastic springs kH in the 
presented NS mechanism is: 

 

2 2 3/2

2 2 3/2

1
(1 / )

11
(1 / )

  
     
   

 
  

  

H

H

NS HI
NS k H

NS NS

k H I

NS

f l b
k N k

x a x a

N k c
x a

 (8) 

 
where a and b are the geometrical parameters presented in 
Figure 4. In order to exploit the advantages that the inherent 
nonlinear nature of NS offers, such as robustness, broadband 
response and energy sinks, the parameters of the NS 
mechanism are selected so that the range of the generated NS 
(maximum – minimum value) is large. The maximum 
(absolute) value of the generated NS is obtained in the static 
equilibrium position, as indicated by Equation (8), where the 
NS stroke is equal to zero: 
 

 

,min

, 0

0

1 (max )

 

  
NS H

NS

NS x k H I

x

k N k c abs value
 (9) 

 
The minimum (absolute) value can be calculated, 

respectively, when the NS stroke attains its maximum value 
(absolute). Assuming that this value is 0.9 of a, the kNS,min is: 

 

 

,max

, 0.9

0.9

1 12.075 (min )

 

  
NS H

NS

NS x a k H I

x a

k N k c abs value
 (10)) 

 
Thus, the maximum range of the generated NS can be set as 

a design variable. This fact enables the evaluation of the 
effectiveness of the KDamper-based designs with respect to 
the geometric nonlinearity. Since cI is negative, as the NS 
stroke increases, the generated NS decreases in absolute value. 
The generated NS in the system’s fully deformed state 
(maximum NS stroke) can be expressed as a percentage of the 
initial (maximum absolute) NS (that is when the system is in 
equilibrium), and is expressed as: 
 

, 0.9 , 0

, 0.9

, 0

 





 



NS NS

NS

NS

NS x a NS NS x

NS x a

NS
NS x

k P k

k
P

k

 (11) 

 
Thus, the geometric parameter cI is obtained, given the 

desired reduction percentage (1-PNS) of the generated NS of 
the proposed mechanism: 
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NS
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k N k c
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k N k c
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c
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 (12) 

 
In Table 1 and Figure 5, the dimensionless parameter cI and 

the generated NS are presented respectively, for various values 
of the PNS. 

 
Table 1. Dimensionless parameter cI for various PNS values 

(1- PNS) (%) 0 10 20 30 40 50 
cI 0.000 -0.009 -0.018 -0.026 -0.035 -0.043 

 
It is observed that the generated NS is significantly reduced 

near the fully deformed state of the NS mechanism. That is the 
reason why the mean value of the generated NS is not in direct 
relation with the variation of the generated NS (PNS).  
 

 
Figure 5. Generated NS of the proposed NS mechanism designed so 

the mean NS is equal for all the values of the design variable PNS 
 

In Figure 6, the elastic NS force fNS is presented, and it is 
observed that the total generated elastic force fNS presents 
significant alterations only in the extreme values of the NS 
stroke, which is to be expected as in these regions is where the 
NS is significantly reduced (in absolute value). 
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Figure 6. Generated NS of the proposed NS mechanism for various 

values of the design variable PNS 
 

III. OPTIMAL DESIGN OF NONLINEAR NEGATIVE STIFFNESS 
ABSORBERS 

In the static equilibrium position, the system is designed to 
have a (static) nominal frequency equal to: 
 

 
0

, 00

, 0

1 1
2 2  




 




NS

NS

Dtotal

PS NS x

R

PS NS x

m mm
f

k kk
k

k k

 
(13) 

 
In order for the system to remain stable in its operating 

range, accounting all possible variations in the stiffness values 
of the positive and negative stiffness elements stiffnesses is 
necessary. Instability arises when the nominal system 
frequency (static or dynamic) tends to infinite (or respectively 
the nominal stiffness k0 tends to zero). Therefore, with respect 
to the value of the NS element, the static equilibrium position 
where NS obtains its maximum (absolute) value, is the critical 
one. In addition, all elements in practice (springs, dampers, 
masses) present manufacturing faults. Thus, it should be 
ensured that in the static equilibrium position while also 
accounting for simultaneous manufacturing faults (±ε) in all 
stiffness elements, the system remains stable: 
 

, 0
0

, 0

0



  


NS

NS

PS NS x

R

PS NS x

k k
k k

k k
 (14) 

 

where , 0, , NSR PS NS xk k k  are the stiffnesses accounting 

manufacturing faults. The worst combination in the variation 
of the stiffness elements is when the positive stiffness elements 
kR and kPS values decrease, and the NS element value increases 
its absolute value. According to Equation (8) the generated NS 
of the configuration presented in Figures 2-4 increases its 
absolute value when the value of kH elements increases. Thus, 
the stiffness values of all the elements can be expressed with 
respect to their design parameters as: 
 

 1  R R Rk k  (15.a) 

 1  PS PS PSk k  (15.b)) 

   , 0 1 1    
NS HNS x k NS H Ik N k c  (15.c) 

 
Therefore, assuming that the nominal static frequency of the 

EKD and the initial maximum (absolute) value of the NS 
element are known, the rest of the stiffness element result by 
solving the system of Equations (13-14). The manufacturing 
faults of the stiffness elements are design variables of the EKD 
and hereby expressed as stability factors εR, εPS, and εNS. 

Once the equations of motion of the controlled system with 
the EKD are stated (Equations 2) and the relations between the 
stiffness elements are determined (Equations 13-15), the goal 
now is to select the optimal system parameters in order for the 
dynamic responses of the controlled system to be the best 
possible. There are numerous design approaches for the 
selection of a vibration absorber parameters. In this paper, the 
design is based on an optimization procedure which accounts 
for geometrical constraints and constructional limitations, in 
order for the design to be as realistic as possible, and at the 
same time effective. For the optimization process, harmony 
search algorithm (HS), a novel metaheuristic algorithm, is 
adopted, further information of which can be found in [62].  

The objective function, the constraints, the values of the 
independent variables and the steps of the design procedure 
are described below: 

1. Select the structural system’s properties (mass m, load 
type) to be controlled; 

2. Assign values to the (constant) parameters: additional 
mass mD and stability factors εR, εPS, and εNS based on 
previous work of KDamper-based concepts; 

 
0.1%Dm m  (16) 

5% R
 (17.a) 

5% PS
 (17.b)) 

5% NS
 (17.c) 

 
3. Set the objective function (OF) as the minimization of 

the structural relative to the ground displacement; 
 

min : max ( )relx OF  (18) 
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4. Select a value for the PNS design variable; 
5. Select an upper (absolute) limit to the mean generated 

NS element’s value, and the maximum NS stroke. A 
starting set of values can be obtained from previous 
work: 

 
100 / /NSmean k kN m tn  (19) 

max 0.10NSx m  (20) 
 

6. The length of the rod, a, in the proposed articulated 
mechanism presented in Figures 2-4 is calculated based 
on the assumption of the previous section and step 5: 

 
max / 0.9 0.111 NSa x m  (19) 

 
7. Select an upper bound to the values of the artificial 

dampers cNS, cPS with respect to the superstructure mass 
m. In this case as well, a starting set of values can be 
obtained from previous work: 

 
20 / /PSc kNs m tn  (21.a) 
20 / /NSc kNs m tn  (21.b)) 

 
8. The nominal (static) frequency of the EKD system 

varies in the range: 
 

 0 0.1 2 ( )f Hz  (22) 
The design of the proposed EKD is presented schematically 

in the flowchart of Figure 7. The convergence criteria 
mentioned in the flowchart below are: 

1. An acceleration filter (AF) is imposed in all the 
different set of optimized EKDs (with different PNS) in 
order to have an equal comparison basis, that is each set 
of EKD will have equal maximum structural 
acceleration, and thus the comparison will mainly be 
based on the structural relative displacement and 
negative stiffness stroke xNS; 

 
max x AF  (23) 
 

2. The resulting negative stiffness stroke xNS is assumed to 
be less than 90% of the length of the articulated 
mechanism a (initial guess). The initial value of the rod 
length a is selected based on previous work of EKD 
(step 6 of optimization) for similar stiffness, mass, and 
damping values. If it exceeds the initial value of 0.9a, a 
larger value for a will be selected; 

 
max 90%NSx a  (24) 

 

 
Figure 7. Flowchart of the proposed EKD design  

The controlled structure is subjected to different dynamic 
loads, that are representative of the respective structural 
system to be examined. For example, a multi-story structure 
will be subjected to a seismic action, while a wind turbine 
tower to an aerodynamic load. For this reason, two different 
test load cases will be considered: 

1. Ground motions. Real earthquakes are random events 
that vary from site to site, and even for the same 
location can present significant differences with respect 
to their magnitude, duration, frequency content, etc. For 
this reason, in this paper, an artificial accelerogram is 
generated using the SeismoArtif software [63], and is 
designed to match the EC8 acceleration response 
spectrum with characteristics: ground type C, spectral 
acceleration 0.36 g, spectrum type I, and importance 
class II, and is presented in Figure 8. 
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Figure 8. Load case I: artificial accelerogram compatible to the EC8 

acceleration response spectrum 
 
2. Aerodynamic load. Wind loads are difficult to model 

due to their random nature. For this reason, an 
impulsive load is considered as an extreme case of a 
wind gust. 

 

 
Figure 9. Load case II: impulsive constant load 

IV. NUMERICAL RESULTS 
In both examined test cases, a structure mass of 300tn is 

selected as a reference value. Regarding the PNS design 
variable, three values are selected in order to observe the effect 
of the geometric nonlinearity level to the structural dynamic 
responses, and are: i) PNS=100% (linear behavior), ii) 
PNS=80% (moderate nonlinearity), and iii) PNS=50% (extreme 
nonlinearity). 

A. Load case I: Ground Motion (earthquake) 

In this section, an artificial accelerogram is generated to 
match the EC8 acceleration response spectrum, as described in 
section III of the paper, and is imposed on the controlled 
structure. The acceleration filter set as constraint is set equal to 
70% of the artificial acceleration PGA (Peak Ground 

Acceleration), in order to have an equal comparison basis 
between the results for different PNS. 

In Figure 10, the generated negative stiffness is presented 
for all the different values of PNS design variable (100%, 80%, 
50%). It is observed that by decreasing the value of PNS, the 
generated NS presents significant variations, 0%, 20%, and 
50%, respectively, that are directly related to the resulting NS 
stroke, xNS, which is presented below in Figure 11. 

 

 
Figure 10. Generated NS (kNS) for all the examined values of PNS 

(ground motion load case) 
 
The NS stroke, xNS, as well as the relative to the ground 

structural displacement xrel, which is presented in Figure 12, do 
not present significant differences, with respect to their 
maximum (absolute) values. That is because the dynamic 
responses of the controlled structure with the EKD (relative 
displacements, xNS, xrel) present specific peaks, that relate to 
the same specific peaks of the artificial accelerogram imposed 
on the structure. 

 

 
Figure 11. Resulting NS stroke (xNS) for all the examined values of 

PNS (ground motion load case) 

As a result, the generated NS is significantly altered 
momentarily, at the point at which the acceleration peaks are 
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presented. This does not affect the structural behavior as the 
geometric nonlinearity only appear in these moments. As a 
result, it is safe to assume that this kind of geometric 
nonlinearity is ineffective in vibration absorption of structures 
imposed on seismic actions. 

 

 
Figure 12. Resulting structural relative to the ground displacement 
(xrel) for all the examined values of PNS (ground motion load case) 

 

B. Load case II: Impulsive Load (wind gust) 

In this section, an impulsive load with constant value is 
considered in order to model the random nature of gust winds 
in structures. The amplitude of the dynamic load is set equal to 
1500kN and is the same for all the examined cases (with 
different PNS). In addition, the nominal (static) frequency of all 
systems is assumed to be the same, in order to have an equal 
comparison basis. That is because the static nominal frequency 
determines the resulting maximum absolute acceleration of the 
controlled structure, as the maximum value is presented in the 
beginning of the vibration. 

In Figure 13, the generated negative stiffness is presented 
for all the values of PNS. It is observed that by decreasing the 
PNS, indeed the generated NS presents significant variations 
that are directly related to the resulting NS stroke (Figure 14).  

The NS stroke varies in the first cycles of vibration, and 
then is ‘stabilized’ in a certain value, which is to be expected 
when we considered a dynamic load of impulsive nature with 
constant value. This fact explains the reason why the 
‘stabilized’ generated NS is different, and more specifically 
lower (in absolute value), as compared to the value in the 
equilibrium position of the controlled system. 

As a consequence, as the PNS decreases, or respectively as 
the geometric nonlinearity level increases, the system 
frequency after some cycles of vibration, alters, as presented in 
Figure 15 where the structural relative displacement is 
presented. It is observed that while the maximum value of the 
displacement is practically the same, the final displacements 
are lower as the geometric nonlinearity level increases (PNS 
decreases). That is because, as PNS decreases, the resulting 
value of the generated NS is decreased in absolute value. As s 

consequence, the equivalent stiffness of the system increases, 
reducing the displacements, highlighting the beneficial role of 
extreme nonlinearity in dynamic loads of impulsive type. More 
specifically, the structural (xrel, xNS) dynamic responses obtain 
their maximum (absolute) values in the most part of the 
vibration time, and for this reason the generated NS 
significantly alters in the most part of the vibration. 
 

 
Figure 13. Generated NS (kNS) for all the examined values of PNS 

(impulsive load case) 
 

 
Figure 14. Resulting NS stroke (xNS) for all the examined values of 

PNS (impulsive load case) 
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Figure 15. Resulting structural relative to the ground displacement 

(xrel) for all the examined values of PNS (impulsive load case) 

V. CONCLUSION 
In this paper, the EKD is employed in a SDoF structure, 

realizing the negative stiffness element with a displacement-
dependent configuration that generates controlled NS. In 
addition, the proposed design allows the implementation of 
multiple conventional spiral springs. This way the safety of the 
NS mechanism (avoidance of buckling and exceedance of 
torsional strength) is ensured. The generated NS varies from 
‘linear’ to extreme (geometric) nonlinear, in order to determine 
the beneficial role of geometric nonlinearity, with respect to 
the examined structural system.  

For this reason, two different load cases are examined, i.e., a 
ground motion, and an impulsive load of constant value. The 
first load case is representative to systems subjected to 
earthquakes, while the second to wind gusts, that have an 
impulsive nature. Based on the numerical results obtained, the 
geometric nonlinearity is beneficial to the second case only, 
where the structural dynamic responses (both the structure 
relative displacement and the NS stroke) present significant 
variations during the oscillation. That is because the generated 
NS value presents its maximum variation, where the NS stoke 
is larger according to Figure 5. Thus, in earthquake motions 
where there are only a few strong pulses, the generated NS 
value is significantly altered in a small portion of the vibration 
(Figures 11-12). On the contrary, in the case of aerodynamic 
loads, the dynamic responses obtain their maximum (absolute) 
values in the most part of the vibration (Figures 14-15), and 
for this reason the generated NS significantly alters in the most 
part of the vibration.  

Finally, in future work, the EKD can be designed to include 
nonlinear positive stiffness elements as well as nonlinear 
viscous dampers, as this work in limited in introducing 
nonlinearity (extreme) only in the negative stiffness element. 
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