
 

I. INTRODUCTION 
 

T  is possible to introduce a generalization of the Hermite 
polynomials which are a vectorial extension of the ordinary 
Kampé de Feriét one-variable Hermite polynomials [1]. We 

have indicated this class of  the Hermite polynomials, of two-
index and two-variable, by the symbol , ( , )m nHe x y , and we 
stated their definition through the following generating 
function: 
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are two vectors of the space 2

 such that: t u≠ , 
(| |,| |)t u < +∞ , and the superscript “t” denotes transpose.  
A different generalization of the Hermite polynomials could be 
obtained by using the slight similar procedure onto the two-
variable generalized Hermite polynomials [1,2]: 
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defined by the generating function of the form: 
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Let u and v continuous variables, such that u v≠  and 
(| |,| |)u v < +∞ , τ ∈ , we will say incomplete 2-dimensional 
Hermite polynomials, the polynomials defined by following 
generating function: 
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This class of Hermite polynomials has been deeply studied for 
its importance in applications, as quantum mechanical 
problems, harmonic oscillator functions and also to investigate 
the statistical properties of chaotic light [3].  
By using the techniques of the generating function method 
[4,5], it is easy to obtain the explicit form of the above 
polynomials: 
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where [ ], min( , )m n m n= . 
An interesting particular case of this class of Hermite 
polynomials is presented when 1x y= =  and xτ = : 

 
, ,(1,1 | ) ( )m n m nh x g x= . (6) 

 
It is significant to study the polynomials , ( )m ng x since they can 
be used to define other forms of the incomplete 2-dimensional 
Hermite polynomials of the type , (.,. | .)m nh  themselves and  
since they often appear in the description of the applications in 
quantum optics. From the relation (6) and by using the 
definitions (4) and (5), we can immediately write the following 
general relation: 
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. (7) 
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The incomplete 2-dimensional Hermite polynomials can be 
used to obtain different forms of the multi-index Bessel 
functions, in particular for the case of the Humbert functions. 
We remind that the ordinary cylindrical Bessel functions [6] 
are specified by the generating function: 
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and a generalization of them, it is represented by the case of 
two-index, one-variable type [7,8]: 
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with the following generating function: 
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where x ∈  and ,u v ∈ , such that 0 | | | |u v< ≠ < +∞ . 
This class of Bessel functions satisfied analogous interesting 
relations as the ordinary Bessel functions. For instance, by 
deriving in the equation (10) with respect to x, we have: 
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which allows us to state the following recurrence relation: 
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By using the same procedure, it is easy to obtain the other two 
recurrence relations for this class of Bessel functions: 
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and: 
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It is interesting to note that, for 0x = , from the explicit form 
of the generalized two-index Bessel function (eq. (9)), we get: 
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and, since: 

 
(0) 0sJ ≠ , when 0s = , (16) 

 
we, finally, obtain: 
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As a particular case of the two-index, one-variable Bessel 
functions, we can introduce the Humbert functions [9], by 
setting: 

 

,
0

( , | )
!( )!( )!

r m r n r

m n
r

x yb x y
r m r n r

ττ
+ ++∞

=

=
+ +∑ , (18) 

 
defined through the following generating function: 
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It is evident the similar structure between these functions and 
the incomplete 2-dimensional Hermite polynomials presented 
previously (see eqs. (4,5)). For this reason, the Humbert 
functions are usual exploited in connection with the Hermite 
polynomials of the type , ( , | )m nh x y τ . 
We can immediately note, for instance, that the Humbert 
functions could be expressed in terms of the incomplete 
Hermite polynomials. By rewriting, in fact, the expression in 
equation (19), we have: 
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and, from the generating function of the ordinary Bessel 
function (eq. (8)), we find: 
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In the following, we will indicate with: 

 
, ( )m ng x  and , ( )m nb x ,  
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the Humbert polynomials and the Humbert functions 
respectively. In the next sections we will study the properties 
of these particular polynomials and functions and we will see 
some their non trivial generalizations along with the analysis 
of the related applications to facilitate some operational 
computation.  

II. RELEVANT PROPERTIES FOR HUMBERT POLYNOMIALS AND 
FUNCTIONS 

 
  In the previous section we have introduced the incomplete 2-
dimensional Hermite polynomials through the relations (4,5). 
By using the equivalences stated in equations (6,7), we can 
now state the expression of the generating function for the 
Humbert polynomials , ( )m ng x . We have:  
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where, again, u v≠  and (| |,| |)u v < +∞ , τ ∈ . 
By following the same procedure used to derive the recurrence 
relations related to the two-index, one-variable Bessel function 
in the previous section, we can find similar expressions for this 
class of Humbert polynomials. In fact, by deriving, 
respectively, with respect to x, u and v, we obtain:  
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By using the above relations, it is possible to state the 
differential equation satisfied by the polynomials , ( )m ng x . 
After an easy manipulation of the equations in the (23), we get: 
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and also: 
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After equating equation (24) with the first of the relations 
obtained in (23), we can state the following differential 
equation solved by the Humbert polynomials: 
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Which suggest the introduction of the following operators: 
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where we have denoted with the symbols: 
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a kind of number operators, in the sense that their action read 
as following: 
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It is now evident, by using the relations stated in the equations 
(23-28) and by the definition of the operators expressed in 
equation (29), that the following expressions hold: 
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The above relations, combined with the first in the equation 
(23), allow us to state the following relevant differential 
equation: 
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It is possible to derive similar relations regarding the Humbert 
functions. Before to proceed, we remind that, the function 
defined by the following generating function: 
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is known as the Tricomi function [10], which its explicit form 
is: 
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It is possible to introduce a generalization of the above 
function in the sense of the Humbert functions. In fact, from 
the equation (18) it is immediately recognized that we can call 
generalized Tricomi function, the function expressed by the 
following relation: 
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By using the same procedure outlined above, we can derive, 
for the Humbert functions the analogous recurrence relations 
stated for the polynomials , ( )m ng x . In fact, by considering the 
relation (34), we have: 
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We can combine the above relations, to get: 
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These last relations suggest to introduce similar operators 
acting on these generalized Tricomi function as well as we 
have done for the Humbert polynomials. We have indeed: 
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We have used, again, the same notation as expressed for the 
operators in equation (29). By following the same procedure 
used for the Humbert polynomials, we can easily to state the 
following differential equation: 
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III. FURTHER GENERALIZATIONS FOR HUMBERT POLYNOMIALS 
AND FUNCTIONS AND INCOMPLETE LAGUERRE POLYNOMIALS 
 
In the paper [10], we have showed some relations linked the 

cylindrical Bessel function and the Tricomi function; in 
particular, we have seen that: 
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The relations stated in the previous sections and the structure 
of the 0th order Tricomi function, allow us to introduce a 
generalization of the Laguerre polynomials.  
We will say incomplete 2-dimensional Laguerre polynomials, 
the polynomials defined by the following generating function: 
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where their explicit form reads: 
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It is evident the similar structure with the Humbert 
polynomials discussed in the previous sections. 
We remind that the ordinary Laguerre polynomials [10] have 
the following operational expression:   
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From the above considerations, we can firstly write the 
following expression for the 0th Tricomi function: 
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and then we can state the important equivalence between the 
Humbert polynomials and the incomplete 2-dimensional 
Laguerre polynomials, that is: 
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By recalling the explicit forms of the generalized two-variable 
Laguerre polynomials: 
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and from the particular expression of their generating function, 
in terms of the Tricomi function: 
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we can finally establish a link between the incomplete 2-
dimensional laguerre polynomials and the generalized 
Laguerre of the form ( , )nL x y . We have: 
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The considerations and the following results obtained to define 
the incomplete 2-dimensional polynomials, can be used to 
introduce a similar generalization for the Humbert functions. 
By considering indeed the following generating function: 
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we easily obtain the explicit form of the function , ( )m nA x : 
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It is easy to note the analogy between the above expression 
and the generalized Tricomi function presented in the previous 
section. We find in fact: 
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In the same way, it is possible obtain an expression of the 
functions , ( )m nA x  involving the generalized two-variable 
Laguerre polynomials. From the relation stated in equation 
(48) and form the (50), we have: 
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IV. CONCLUDING REMARKS 
Before closing the paper, we want just to mention how the 

concepts and the formalism discussed in the previous sections 
allows also the generalizations of other simple distribution 
functions like the Poisson distribution. 

By using the Tricomi function of order m:   
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we can indeed define the following two-index distribution: 
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where the generating function is given by the relation:   
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The evaluation of the associated momenta can be easily 
simplified with the use of the well known property, satisfied by 
the Tricomi functions: 
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Accordingly, we calculate the following average values: 
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The higher order moments are also given by similar closed 
relations.  
It is remarkable about this probability distribution that, unlike 
the Poisson distribution, the variance: 
 

2_
2n nσ

−

= − , where 
_

a a=   (60) 
 

is smaller than 
_

n . 
This type of distribution can be exploited in quatum mechanics 
within the context of bunching phenomena. This example 
show that the use of multi-index polynomials and Bessel-type 
functions with their associated formalism offers wide 
possibilities in the applications of pure and applied 
mathematics. 
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