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Abstract— We exploit methods of operational nature to
derive a set of new identities involving families of
polynomials associated with operators providing different
realizations of the Weyl group. The identities, we will deal
with, extend the Nielsen formulae, valid for ordinary
Hermite to families of Hermite-like polynomials. It will
also be shown that the underlying formalism yields the
possibility of obtaining further identities relevant to
multi-variable and multi-index polynomials.
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I. INTRODUCTION

THE use of the monomiality principle [1], a by product of
the Lie group treatment of special functions [2,3], has
offered a powerful tool for studying the properties of families
of special functions and polynomials. Within the context of
such a treatment, a polynomial p, (x) is said quasi-monomial

(g.m.), if two operators exist and act on the polynomial as a
derivative and multiplicative operators respectively, namely:

M p, (X) = Pyt (X)

; (1)
P pn (X) = npn—l(x)'

In the case of two-variable Kampé de Fériet polynomials
[1,4,5], we have:
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where the associated multiplication and derivative operators,
are identified as:

M = x+2yai
X
©)

N
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X

According to what has been discussed in reference [1], if
P, (x) =1, then p,(x) can be explicitly constructed as:
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thus, in the case of Hermite, we obtain:

a n n n ) a r -
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=H,(x.y).

The above identity is essentially the Burchnall operational
formula, whose proof can be found in the papers [6,7]; in the
next section, where the problem is treated in a wider context,
we will see a generalization of this identity.

By using the above relations, we can immediately state the
following identity:

H,, (x, y)=(x+2y§j (x+2y%} Q. (6)

It is easy, in fact to note that the r.h.s. of the equation (6) could
be written as:

n
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In the paper [1], we have stated many relevant relations
regarding the two-variable Hermite polynomials, in particular
it is also possible to obtain the following statement:

TH ) == H, L () @
xtm (n—ryr "
which is useful to rewrite the relation (6) in the form:
L, (2y)" " [H, ()]
Haoo (X ) = (N [ ] - (8)

r=0 (r!)Z(n - r)l
By following an analogous procedure it is possible to derive
these relevant relations satisfied by the two-variable Hermite
polynomials:
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Hoon (69 = 2 (:}(T]r!(zy)“ Ho (6 )M, (6,

r=0

2 2 \ (_zy)n—err(X'y)
[Ho )] = (2=

R (29)" " Hyp o (% Y)
= ri(n=-r!(m-r)!

(©)

H, (X, y)H, (X y) =n!m!

where we have indicated with [n,m] the minimum of (n,m).

These identities can be viewed as an extension of those
derived by Nielsen [2], for the ordinary case.

The paper consists of three sections. In section Il we will
discuss higher order Kampé de Fériet Hermite polynomials
and the associated identities; section I11 is devoted to final
remarks and comments on the possible extension of the
method presented to other families recognized as Hermite
polynomials.

Il. OPERATIONAL RULES AND HIGHER ORDER HERMITE
POLYNOMIALS

In the paper [4], we have seen the two-variable Hermite
polynomials of order me N, m > 2, defined by the series:

H(m) ~ I[%ﬂ] ern—mr 10
n (XIY)—n-gm- (10)

It is immediately easy to observe that these polynomials could
be recognized as quasi-monomial under the action of the
following operators:

A m-1
M =X+my——
- s o (12)
P=—.

OX

Moreover, it is possible to introduce a further generalization,
by considering the case of m-variable Hermite polynomials of
order m, by setting:

Hém)(xl,...,xm):n![f} Hi%or (% X)X

= ri(n—mr)! (12)

This family of Hermite polynomials is also quasi-monomial
with the related operators:

A m s-1
M = Xl + Z SXS F
=2 (13)
P2
OX

In the paper [1], presenting the concepts and the related
formalism of the monomiality principle, we stated the

E-ISSN: 1998-0140

Volume 16, 2022

following identity:

A A

M P p,(x) = p,(x), (14)

which implies that the present families of polynomials satisfy
the differential equations:

(my 0 +xinlﬁm)(x,y)=nHr§m’(x, y), (15)

ox" OX

(Zm:sxs 66_xf+xls_x1]H'gm) (X X ) =NH™ (X, 0% ). (16)
s=2

We prove, now, an important extension of the Weyl identity,
that is:

o" nl (n-1) g o'
5(“;7] "ereg e (n—nr>'!<r+1>!(§)
e =e e

: 17)
where & being a parameter.
If we consider the exponential operator:
. ;(;Hg"]
S(A, B;g):e (18)

where & is a parameter and A and B denote operator such
that:

{A,B}:AB—BA:k,

with k commuting with both of them.

The decoupling theorem for the exponential operator (18) can
be proved as follows. By keeping the derivative of both sides
with respect to &, we get:

a A /\- B A AN A /\.
%S(A,B,fj—[A+B JS(A,B,(:),

and, after setting:

(19)

S(A, B;cfj ="y,
and by using the relation:

A AN A A n
e B e“:(B—gkj ,



INTERNATIONAL JOURNAL OF MATHEMATICAL MODELS AND METHODS IN APPLIED SCIENCES

DOI: 10.46300/9101.2022.16.9

we finally find:

0 . "
—X=|B-¢k| X,
o¢ ( : J

which can be easily integrated. Thus getting in conclusion:

(20)

AN=r
rered
k"¢

S(A é;gj:e§;e2?°(:]B e

(21)

It is immediately to note that identity (17) follows as a
particular case with:

> >
I

o >
Il
2o

The generalization of the Weyl identity, which we have proved
above, allows us to derive the following generalized Burchnall
identity:

[x+my%] =:ZO[:jHém2(x. PHED () ({6177 (22

where we have indicated with G the expression:

_ om(m-1ly o"**
(m-1-s)I(s+loax"** "

The relation in (22), for m =3, specializes as:

r=0

2 Y &fn * 0
X+3y—| = H® (x,y)H. | 3y—,3y— |, 23
( + yaxzj Z(r] ®(xy) [ v yaxj (23)

An immediate application of these last identities is the
derivation of the following Nielsen formula:

m . n m m-.
1 0 = 3§ JHEORS ). )
r=0
where:
R (x,y) =
m(m-1)!y (25)

m-2
=H ™Y o H™ (x,y).
' (m-1-r)ir+ptox™*>J | "
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The explicit form of the F(™™

"D (x,y) polynomials can be
evaluated fairly straightforwardly; in the case m =3, we get

indeed:

& @y (2s-3r)HE, ., (%, Y)
@) _ n—(2s-3r) !
Ry =st2, (s—2n)!ri[n—(2s—3n)]!

(26)

A further application of the so far developed method is
associated with the derivation of generating functions of the

type:

+00 tn
(m) ) (m)
GI (Xv y,t) = ;m Hn+| (X, y) ' (27)
Before to proceed, let us remind that [7]:
al M(x,.. s<m
T B L (28)
H™ (X, X yep@),  S>M

and then, according with the statement in equation (22), we
have:

400 tn amfl n
(m) ) e (m)
G, (x,y,t)—gn![ﬂmyﬁxm_lJ H™(x,y), (29)
ie.
[x+my:m—’:1]l
G (xyit)=e T TH™(x,y). (30)

Finally, by using the relation (28), we can obtain the relevant
operational expression:

G (x, yit) =& HO (x eymer s Do y} @)

These last results complete the preliminary conclusions
obtained in references [5,7]. In the next and last section will be
presented further comments on the families of Hermite-like
polynomials and will be derived interesting operational rules.

I1l. OPERATIONAL RULES AND MULTI-INDEX HERMITE
POLYNOMIALS

The method described in the previous sections is devoted to
the operational rules of polynomials characterized by a single
index and, eventually, more than one variable. In this section
we will outline the technique to extend the method to multi-
index polynomials [8,9,10]. In particular, the structure and
some interesting properties of the incomplete 2-dimensional
Hermite polynomials, we will consider this family as example
to generalize the operational method shown previously.
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Let us remind that the incomplete 2-dimensional Hermite
polynomials are defined by the series:

[m,n] m-r

z_r X yn—r

=minl ——
= ri(m-=r)i(n-r)!

Moo (X, Y1 7) (32)

where 7 € R, [m,n]=min(m,n) and their generating function
has the form:

+00  +00

exp(Xu + YV +7uv) = ZZ

mOnO

Loby 00y 19). (33)

By noting that (see [1,7]), the two-variable Kampé de Fériet
Hermite polynomials could be defined also by the following
operational expression:

H, (% y) =€ @ x", (34)
it is easy to derive the analogous relation for the polynomials
h,.(X, ¥ |7); we have, indeed:

62

e " (x"y") =h,,(xy]7). (35)
In the first section we have presented the Burchnall identity,
see equation (5), and we have stated a generalization for the
case of two-variable Hermite polynomials of order m, in
section 11, by equation (22). Before to proceed, it could be
useful to exploit the procedure of generalization of this
important identity. Let consider the operator:

|

by multiplying both sides by:

m-1

6Xm—1

N

On :(x+my (36)

n

t—l, teR and neN
n!

and then by summing up, we get:

-+00

2

n=0

noa t x+—myf)m7mil1
t on_e( ] (37)
n!

By using the generalized Weyl identity (eq. (21)), proved in
the previous section, we can rearrange the above relation in the
form:

o tﬂ /\ z(m 2) m!yl”l amlr
S L0z gt T (38)
n=0 n:

E-ISSN: 1998-0140

51

Volume 16, 2022

and, since the generating functions of the generalized Hermite
polynomials of order m, are [1,4]:

+00

Z H(m)(x y) xt+w

ol (39)
5O (K, =

n=0 n!

we can rewritten the r.h.s. of the relation (38) as the product of
two series involving the generalized Hermite polynomials of
order m and we finally obtain:
m-2
}rO ]

|
(40)

which complete prove the generalized Burchnall identity (22).

It is now immediate to derive a further generalization for the
incomplete 2-dimensional Hermite polynomials discussed in
this section. We can indeed exploit the operational rule stated
in the equation (35) to derive the following Burchnall-type

identity:
y-e2) -
OX

Gl
X—7—
Y
"[mj{”](—rw‘h xylo)
p=09=0 p q e ,y ayp

In section I, we have stated relevant operational identities for
the two-variable Hermite polynomials as presented in the
relation (9); it is immediately to note that the polynomials
h,.(x,y|7) satisfied the following identity:

mly om
(m=1-r)I(r+1)!ox™ "

(41)
aq
B

oY oY
th‘ZH(x,ylr){x—r@] (y—ra—xj hy (X y17), (42)

and then, from the formula (41), we can obtain the relevant
operational identity :

h2m Zn(X' ylz)=

iy 3y

p-0g-0 p!q!

)p+q

[(m DT (-

[yl 4

The aspects and the related considerations presented | this
paper could be investigate in a deeper way in a forthcoming
investigations. It is important to remark that many of the
operational rules presented here could be generalized for a
wide range of Hermite-like polynomials. Moreover, the
structure of the operational techniques here described is also
possible to be extended to other classes of polynomials as the
Laguerre and Legendre families. Also about this last point, we
will discuss in a future paper.
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