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Abstract—This paper presents the following definition which is a
natural combination of the definition for asymptotically equivalent of
order « ,where 0<a <1, 7 -statistically limit, and Z -lacunary
statistical convergence. Let € be al acunary sequence; the two
nonnegative sequences X =(X,) and y=(Yy,) are said to be
asymptotically 7 -lacunary statistical equivalent of order « to
multiple L provided that for every € >0,and 6 >0,

1 X
freN:—|{kel | *-Ljzelz5eZ,
h? «
s5()*
(denoted by X
statistical equivalent of order « if L=1. In addition, we shall also

present some inclusion theorems.The study leaves some interesting
open problems.
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INTRODUCTION
The concept of statistical convergence was introduce by Fast
[4] in 1951.
A sequence (x,) of real numbers is said to be statistically

convergent to L if for arbitrary & > 0,
1
—[{k<n:x -LEz &} =0,
n

where by k <n we mean that k =0,1,2,...,n and the vertical
bars indicate the number of elements in the enclosed set. In
this case we write st—limx=1L or x, > L(st).

The idea of statistical convergence was further extended to 7
-convergence in [7] using the notion of ideals of N with many
interesting consequences.

By a lacunary 6= (k,); r=0,1,2,... where k, =0, we shall
mean an increasing sequence of non-negative integers with
k. —k,, > as r — . The intervals determined by 6 will

be denoted by I, =(k,_.k,] and h =k -k _, . The ratio

r

r

will be denoted by g, .
r-1

Moreover, the following concept is due to Fridy and Orhan[6].
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A sequence (X,) of real numbers is said to be lacunary
statistically convergent to L (or S,-convergent to L ) if for
any >0,

1
1imh—|{kelr:|xk—L\25}|:0

r—oo

where | A| denotes the cardinality of Ac N.

Recently in ([3] and [11]), we used ideals to introduce the
concepts of 7 -statistical convergence and 7 -lacunary
statistical convergence which naturally extend the notions of
the above mentioned convergence.

On the other hand, in [1] a different direction was given to the
study of statistical convergence where the notion of statistical
convergence of order o, 0<a <1 was introduced by

replacing N by n“ in the denominator in the definition of
statistical convergence. One can also see [2] for related works.
In 1993 M arouf [9] presented definitions for asymptotically
equivalent sequences and asymptotic regular matrices.Also,in
1997, Li [8] presented and studied asymptotic equivalence of
sequences and summability. In 2003, Patterson [10] extended
these concepts by presenting an asymptotically statistical
equivalent analog of these definitions and natural regularity
conditions for nonnegative summability matrices.

In present paper, we intend to unify these two approaches and
we use asymptotical equivalent to introduce the concept
asymptotically 7 -statistical equivalent of order o and
asymptotically 7 -lacunary statistical equivalent of order « .
In addition to these definitions, natural inclusion theorems
shall also be presented.

Throughout by two sequences X =(X,) and y =(y,) we shall

mean two sequences of real numbers.

I. MAINRESULT

The following definitions and notions will be needed in the
sequel.

Definition 1.(Marouf, [9]) Two nonnegative sequences
X=(x) and y=(y,) are said to be asymptotically
equivalent if
X
lim —*~
KoY,

(denoted by x ~ y).
Definition 2.(Fridy, [5]) The sequence x = (x,) has statistic

limit L, denoted by St—lims=L provided that for every
>0,
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lim—{the number of k<n:x —L[>¢&}=0.
n N

The next definition is natural combination of definitions 1 and
2.

Definition 3.(Patterson, [10]) Two nonnegative sequences
X=(x) and y=(y,) are said to be asymptotically statistical

equivalent of multiple L provided that for every £ >0,

1im%{the number of k <n:| X _ L>et=0
SL ‘

(denoted by x~Yy), and simply asymptotically statistical
equivalentif L=1.
Definition 4. A family 7 < 2" is said to be an ideal of N if
the following conditions hold:

(a) A, BeZ implies AUBeZ,

(b) AeZ,Bc A implies Be 7,
Definition 5. A non-empty family F < 2" is said to be an
filter of N if the following conditions hold:

(@) peF,

(b) ABeF implies AnBeF,

(c) AeF,AcB implies Be F,

If Z is a proper ideal of N (i.e., NgZ ), then the
family of sets F(Z)={M cN:3AeZ:M =N\A} is a
filter of N. It is called the filter associated with the ideal.
Definition 6. A proper ideal Z is said to be admissible if
{n} € Z foreach neN.
Throughout Z will stand for a proper admissible ideal of N.

Definition 7.([7]) Let Z = 2" be a proper admissible ideal in
N. Then the sequence (X,) of elements of R is said to be Z

-convergent to LeR if for each &>0 the set
Ale)=tkeN:|x, —Lze}el.

We now introduce our main definitions.

Definition 8. A sequence X=(x,) is said to be Z-

to L or S(Z)"-
convergent to L, where 0<a <1, if for each £>0 and

0>0

statistically convergent of order «

{neN;niaHksn:\xk—L\zg}|z5}ez.

In this case we write X, — L(S(Z)*). The class of all T -
statistically convergent sequences of order o will be denoted
by simply S(Z)“.

Also the next definition is natural combination of definitions 1
and 8.

Definition 9. The two nonnegative sequences X =(x,) and

7T -
equivalent of order o to multiple L, where 0<a <1,
provided that for each £ >0 and 6 >0

y=(y,) are said to be asymptotically statistical

MeN:— [ k<n| X Lpepayer,
n y

k
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SL(I)a

(denoted by x 7-

statistical equivalent of order o if L=1. Furthermore, let
SL(Z)a

SY(Z)“ denote the set of X and y suchthat x ~ .

Remark 1. If ZT=Z, ={AcN:A is a finite subset},

asymptotically Z - statistical equivalent of order « to
multiple L coincides with asymptotically statistical
equivalent of order ¢ to multiple L . For an arbitrary ideal Z
and for a =1 it coincides with asymptotically Z - statistical
equivalent of multiple L. When ZT=7, and a=1 it

y) and simply asymptotically

becomes only asymptotically statistical equivalent of multiple
L,[10].

Definition 10. Let # be alacunary sequence. A sequence
X =(X,) is said to be I -lacunary statistically convergent of

order ¢ to L or S,(l)*-convergent to L if for any £>0
and 6>0

{reN:hLaer I, :Ix,—Lze}zo} el
r

In this case we write X, — L(S,(Z)*). The class of all T -
lacunary statistically convergent sequences of order o will be
denoted by S,(Z)".
We now have
Definition 11. Let 6 be al acunary sequence; the two
nonnegative sequences X =(X,) and y=(y,) are said to be
asymptotically 7 -lacunary statistical equivalent of order o
to multiple L provided that for any £ >0 and 6 >0

X
{reN:Laer I, |~ -L}>el >0} e,
hr yk
sg(H?
(denoted by x ~
statistical equivalent of order « if L=1. Furthermore, let

y ) and simply asymptotically Z -lacunary

SL (1)

S, (Z)* denote the set of X and y such that X " y.
Remark 2. For a =1 the above definition coincides with
asymptotically 7 -lacunary statistical equivalent of multiple
L . Further it must be noted in this context that asymptotically
7 -lacunary statistical equivalent of order o to multiple L
has not been studied till now. Obviously, if we take Z =T,
asymptotically lacunary statistical equivalent of order a to
multiple L is aspecial case of asymptotically Z -lacunary
statistical equivalent of order & to multiple L.

Theorem 1. Let 0<a < #<1.Then S(T)* cS(Z)’.

Proof: Let 0<a < S <1.Then

k<n X _Lpey| [k<n| X _Lpe
Yy < Yk
n? B n“

and so forany 6 >0,
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lk<n XLy
neN: Yo > 8}
n
lk<n X _Lpgy
neN: Yi > 51

a

Hence if the set on the right hand side belongs to the ideal 7
then obviously the set on the left hand side also belongs to 7 .

This shows that S(Z)* < S(Z)” .

Similarly we can show that
Theorem 2. Let 0<a < S <1. Then

(i) S;(2)" =S, (7).

(i1) In particular S;;(I)‘Z c S;(I).
Definition 12. Let € be alacunary sequence; two number
sequences Xx=(x,) and y=(y,) are

asymptotically lacunary equivalent of order & to multiple L
provided that for any & >0

strong 7 -

{reN:

aZl

r kel

—L\Zg}eI,

NG (1)
(denoted by X ~
lacunary statistical equivalent of order « if L =1. Further, let

y ) and simply strong asymptotically 7 -

NG (D)%
N;(Z)* denote the set of x and y suchthat X ~ .
We prove the following
Theorem 3. Let 6 = {k, },.,; be a lacunary sequence, then

NG (T)” S5 (D)
(@lf x ~ ythenx ~ vy

(b) N;(Z)“ is a proper subset of S; (Z)”

NG (@)*

Proof: (a) If ¢>0 and X ~

oL

Y, we can write

kelr yk
S 1R Lpelkel X oLpa

kelr,\x—kaZe K K

and so —— L X p Liken 1 B oLpa
rkel yk h yk
Then for any 6 >0
{reN:La\{keIr:|%—L|28}|25}g
r k

{reN: —Z|——L|>55}GI

r kel yk

This proves the result.

(b) In order
Ny (Z)* < S5 (2)"

to establish that the inclusion
is proper, let € be given and define x, to
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be 1,2,...[\y/h7] at first [\/h*] integers in | and x, =0
otherwise for all r=1,2,3,...
>0,

.y, =1 for all k. Then for any

0>e}|<[h@

1 X
—ltkel |-
h;’l{ erly

k T
and for any 6 >0 we get

h(Z
{reN:%er I, :|i—0|25}|25}g{reN:[\/a_] > J}.
h; Y hy
Since the set on the right hand side is a finite set and so
S5 ()"
belongs to Z it follows that X ~ Y.
On the other hand

Z|xk_ 1 I 1+
- .

r kel r 2
Then
h’ h?1+1
{reN: e zm |i—0|21}:{reN:le
Ty, 4 h, 2

={mm+1,m+2,..}
for some meN which belongs to F(Z) since Z is
NG (1)
admissible. So the following fails x ~ vy.
Remark 4. The following two conditions remain true for
0 <a <1 isnot clear and we leave them as open problems.
S5 NG (D)*
(2) xel,and x ~ y=>x ~ Y,
(3) S; (D) Nl =Ny (I)* nl.
We now
55 (D)
y and X ~ V.
Theorem 4. Let 7 is an ideal and 8 ={k,} is a lacunary
sequence, then

investigate the relationship between
SL(Z)a
X ~

85 (1)
y implies x ~ vy

SL(I)‘Z
X —~
if liminfq; >1.

Proof: Suppose first that liminf,g; >1. Then there exists

o >0 such that q >1+0 for sufficiently large r which

implies that
W, o
ki l+o
SL(I)a
Since X ~ 'y, then for every ¢>0 and for sufficiently

large r, we have

X
|- L ¢}l

r k

—{k<k ] =-Lzelr—{kel
ka\{ ka |<‘>“}|k|{e

>L_|{

hO{
Then for any & >0, we get

X
I |~ —L>e}].

k
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{reN;hiaer|r;|X—k—L\z,9}|25}

T k

cireN:k<k |2 Lpap—22
kS Yi (1+0)
This proves the result.
Remark 5. The converse of this result is not clear for o <1
and we leave it as an open problem.
For the next result we assume that the lacunary sequence 6

satisfies the condition that for any set CeF(Z),
Jin:k_, <n<k,.reCieF().

Theorem 5. For a lacunary sequence 6 satisfying the above
condition,

tel

L
85 (D
X ~

SL(I)a
yimplies X ~ Yy

— = B(say) < oo.
oy e

if supzI o (k

SL(I)a
0
Proof: Suppose that X
sets

y and for &,0,6, >0 define the

C=ireN: —I{k \yk—l-lzé‘}\<5}

r k
and

T-eN: L ksni X Lpel<a).
n Yk
It is obvious from our assumption that C € F(Z), the filter

associated with the ideal 7 . Further observe that

X
I = —Lxet<s
j Yi

forall jeC.Let neN be such that K,
reC.Now

<n<k, for some

Lksng X tp g ks 1 XLy
n y k Y

k r-1 k

[Kel L e} [t o e |, | - L g

k“ Yi kf | Vi

KL ket XL p a4t
ke, he Y,

(ke =k )" 1
ka

X
—|kel | ~Le&}|
h; Y

N (k. —k,_)*

ka

r-1

_ K
ks

(kz B k1)a

ka

r-1

A+ A+ A

k)*

H~l

a
ke

<supA, supz( <BJ.

jeC r i=0
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(1]
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and in view of the fact that

U{n:kH<n<kr,reC}cT where CeF(Z) it follows

from our assumption on € that the set T also belongs to

F(Z) and this completes the proof of the theorem.
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