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Abstract— This paper presents the authors' experience
with teaching the finite element method (FEM) at a
university using the MathCAD software. With the
development of computational tools in the second half of
the 20th century, there was also the development of
computational methods aimed at algorithmizing
engineering tasks based on FEM. This method is very
effective for determining the forces and deformations of
truss and frame structures under the influence of the
external environment. Many processes in the automatic
design system take place as if in a "black box", and the
process of verifying the achieved results becomes the most
important stage in the design activity. Without knowing
the theoretical foundations of FEM, physical and
mathematical modelling, verification procedures and
methods, the structure design cannot be safe and reliable.
In this paper, we present one of the possibilities, how a
student can familiarize himself with the theoretical
foundations of FEM and calculation procedures using the
MathCAD software. MathCAD can be used as a vehicle to
create, organize, and assemble all the pieces of the
engineering calculations. MathCAD is open software for
using input data from other programs.

Keywords— FEM, MathCAD, Statics, Truss structures,
Frames, Reliability, Safety, Control.

I. INTRODUCTION

HIS paper presents our experience with teaching FEM at

the university. The study, [1], in 1943, was the first who

propose the finite element method as it is today. In his
final analysis, Courant proposed to use the principle of
stationary potential energy and interpolation functions of
triangular subregions using polynomials. It was proved that
continuum mechanics problems (one-, two- and three-
dimensional problems) can be solved by applying a potential
energy minimum or equivalent functionals. Further
development of FEM, [2], [3], [4], [5], encountered difficulties
related to the solution of large-scale systems of simultaneous
equations at that time, so the development of FEM remained
on hold until the development of electronic automatic
computers and the creation of highly efficient programming
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languages was established.

Currently, there are several world-renowned programs in the
field of FEM (ABAQUS, ADINA, ANSYS, ALGOR,
CivilFEM, MARC, MSC PATRAN, NASTRAN, NISA II,
COSMOS/M, SAP2000 and others).

The basic problem of using FEM for the safety design of
building structures without sufficient theoretical knowledge
and practical experience from the individual stages of creating
a calculation model and the use of a calculation method in
terms of knowledge of physical properties and mathematical
formulations of static problems is that engineers in practice
make tragic mistakes when designing safety structures.

In the past, students solved practical examples with FEM
applications using calculators and paper. This methodology
was very successful and led students to learn from the
formulation of tasks, methods of checking the individual
phases of the calculation, as well as methods of solving them.

Based on our pedagogical experience, [6], [7], confirmed by
the opinions of colleagues from abroad [8], [9], engineering
students must know the theoretical foundations of FEM, as
well as go through the solution of simple applications to
understand the essence of the problems in the application of
FEM in solving engineering problems.

During doctoral studies, students must be able to develop
FEM by developing new types of elements, new material
models, more accurate and efficient calculation methods, and
complex solutions that consider the interaction of different
structures.

MathCAD is perfectly suited for engineering calculations,
[10], [11], [12]. This software represents the balance of
exploration, communication, and collaboration of engineering
calculations with other software Fig. 1.
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Fig. 1 MathCAD as the open software

The benefit of MathCAD is that your calculations are now
electronic and can be archived, shared with coworkers, reused
on other projects, and updated as variables change. Another
advantage of MathCAD is that your results can be used in
further calculations. If the variables for the first result change,
then all the calculations based on that first result are also
immediately updated. The use of the MathCAD system is of
great importance in solving traditional engineering problems
as well as mathematical programming problems. For that
reason, there is a need to use modern information technologies
in the educational process to generalize and improve
traditional methods of solving problems in the field of
engineering. This problem is reflected in this article.

The range of tasks performed using this is very wide, and
their use in many ways helps students to work actively and
smoothly, increasing the efficiency of the learning process and
the quality of education. The peculiarity of this software is that
they have the following capabilities, and their implementation
is as follows:

1. perform digital calculations,
perform symbolic (analytical) calculations and changes,
create various graphs,
creation of documents using new multimedia tools,
including hypertext and hypermedia links,

5. integration with other software tools.

MathCAD software offers us an effective tool for solving
applications in FEM, [6]. The software allows matrix
operations, as well as programming tools to define various
mathematical operations in the creation of the stiffness matrix,
and the load vector, as well as in the arrangement of the
analysis results, including the graphical interpretation of the
results of the deformations of the structure.

This article presents our experience, [5], [6], [7], in teaching
FEM to doctoral students using the MathCAD software.

2.
3.
4.

Il. THEORETICAL BASIS OF FEM

The Finite Element Method (FEM), [2], is one of the most
effective variational methods for solving continuum mechanics
problems, as well as gases and liquids and other potential
problems (electromagnetism, acoustics, heat, ...). Its essence is
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in the division of the construction, or of a continuous body on
a set of finite elements, connected to each other at dividing
nodes. Such a discrete system must satisfy the conditions of
continuity and equilibrium at the dividing nodes.

The calculation process in FEM can be divided into five
phases:

1. Discretization of the structure to a finite number of
elements

2. Approximation of deformation or force quantities for
each element separately,

3. Integration of finite elements into a whole while
preserving the conditions of continuity of deformations,

4. Energy minimization - solution of conditional equations
and determination of unknown nodal parameters,

5. Determination of unknown elements - calculation of
internal forces on individual elements.

The finite element method is based on the variational
principle of minimum potential energy or the theorem on the
virtual work of forces on displacements at the nodes of a
discretized body. The total virtual work of the forces on the
given system is defined in the form:

ST1=[{oe}' {o}dv - [{su}’ {bldv - [{su}" {p)ds,
\

\ S

1)

where {de} is the virtual strain vector, {o} is the stress
vector, {su} is the virtual displacement vector, {b} is the

volume force vector, { p} and is the vector of surface loads.

The displacement vector is approximated by polynomial
functions of the form:

{u} =[@]{a}, @)
where [®]is a polynomial matrix and {a}is a polynomial
coefficient vector.

n+l

P (x)=> e x*. (3)

The vector of unknown parameters of the degrees of
freedom (DOF) {r} is determined in the nodes of the element
depending on the selected polynomial after substituting the

specific coordinates of the nodes of the element into the matrix
of the polynomial in (2). Therefore,

{r}=[Al{a} => {aj =[ A" |{r}.

The Table | presents the approximation functions of 1D
elements.

(4)

TABLE |. APPROXIMATION FUNCTIONS OF 1D ELEMENTS

1D elements Approximation
P M=ot +oX
H=o, o X+ex
————# -

After substituting (3) into (2) we obtain the shape matrix of
deformation parameters [N] in the form of
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{uj= =[@] A" [{r}= 5)
On the finite element, we generally define a displacement

vector depending on the vector of initial displacements and
displacements from a given load in the form of

{u} ={u,} +[N]{r}. (6)
Then we express the strain vector {¢} in the form of

{ef =[] {u}~{e.} ={a} ~{e} + [T [N]{r},
{e}={a,}-{a}+[B]{r}, (7)

where {g,} is the strain vector from the initial displacements,

and [B] is the strain-displacement matrix. The initial strains
{¢,} usually correspond to the effects of body loading by

temperature, creep, or shrinkage of the structural material.
The stress vector {o} is obtained from the material
equations,

{o} ={oo} +[Dl{e} = {ou} +[DI([BI{r} +{a} ~{2}).
where {o,} is the initial stress vector.

After substituting relations, (5), (7), and (8), into equations
(1), we get the total virtual work of the forces in the form of

5ﬂ={5r}TU[B][ Tglav {r}+[8] o

+J[B]T[D]{gu}dV—J[B [D]{e, dv—J [N]

JINT tojes) |

Based on the virtual work theorem, the expression in
relation (9), for the equilibrium force system acting on a body
with volume V and area S must be equal to zero. Then, we
have algebraic equations in the form of

J[ I [D][B]dV {r +I[B
~[[B] [D]{e, dv—j[N {byav —[[N] {p}ds={0}, (@0)

(8)

dV+

{b}dV -

©)

o, dv +J[B]T[D]{gu}dV—

where the matrix [Iﬂ is equal to the matrix [N] only on the

surface S.
Relations (10) correspond to the equilibrium forces in the
nodes of the elements,

[KI{r}={F}={RI+{F+{RI+{F}+{RI+{F}. @)
where [K] is the stiffness matrix of the element, {r} is a vector
of nodal deformation parameters of the element, {F} is the

vector of generalized forces at the nodes, {F,}and is the
vector of singular forces at the nodes. Therefore,

[K]=I[B]T [D][B]av, {Fa}=—J[B]T {o0jdV,
=I '[Pl =J[B]T[D]{€o}dV,
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{Fo} = JINT {plas.

=J[N]T {bjav S

The relations in (12) are defined in the local coordinate
system. It is necessary to transform forces and displacements
from the local to the global coordinate system.

We define vectors {rj .~ and {F} — in the global

(12)

coordinate system as follows:

{r=[TH{r}ye and {F}=[T{F},,- (13)
By substituting relations (11.12) into (11.10) we get
[KIT I o =[THF g (14)

and after multiplying the equations from the left by the matrix,
we have:

[T]T [K][T]{r}glob = [K]glob {r}glob = {F}glob ! (15)
where [T ]T [T]=[1] is in the orthogonal coordinate system.

The total vector of deformation parameters in the nodes is
defined on the entire structure. Based on the continuity of the
elements in the division nodes, we define the relationship

between the vector {re}gm and {Fe}gIOb the element "e" and

the total vector { mt} and {F,} as follows

{re}gmb:[Le:I r““ and {Fe}g|ob_|:|‘e:| 10‘}

where the localization matrix | L* | is defined by values equal

(16)

to 1 or O as follows

e e e l vrni = ritot
{I’ }glob :[L :I{rtm} for Lmi :0 Vrn? ” ritot

If the structure consists of n-elements, then the total virtual
work of the forces is equal to the algebraic sum of the virtual
work of the forces on individual elements,

17

se=Soor —fonf (ST [0, V)i -$e]m )-o

(18)
From there, we get the overall equations for the state of the
balance of forces on the given structure,

[Ktot]{r;m} = {Ftot} ) (19)
where the elements of the overall stiffness matrix of the
structure are obtained from the stiffness matrices of the
individual elements

1 Vi =r"
tot e jepe k i
K] ZK LLs,  for Leki=0 e g
k i
g, =t V= (20)
an L= ,
"0 VA

and the elements of the total vector of generalized forces in the
form

FitOt = Z er Lii :
e=1

In the case of linear analysis of structures with elastic
materials, the solution of the displacement degrees of freedom
is based on the relation (19) in the form:

(21)
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{rtot} = [Ktot ]1 {Ftot} . (22)
Next, the vector {re} on the element “e” is calculated from

relations (16) and (13). Strain and stress vectors are calculated
from relations (7) and (8).

IIl. TRUSS STRUCTURES

Truss constructions consist of straight rods connected to
each other by joint connections. The structural element is
stressed in tension-compression or buckling. For the case of
tensile-compressive stress, we define the following fields as
single-element vectors,

{ut=u, {e}=¢, {o}=0,. (23)
The strain is defined as follows,
ou
go===U, (24)
The stress vector is defined as follows,
{o-} :[D].{g} , for [D] =E. (25)

The displacement vector is approximated by a linear
function,

{u} =u=a +a,x=[®]{a},
where [®]=[1 x]and {@} ={a, @}.

(26)

The vector of DOF’s parameters { r} = { U, u; }T is defined,

=l s ottt

The polynomial coefficient vector is

u

) @7

o 1 X; =% ||y 11 0|y o
{a}:{az}:(xj _Xi)i;_l 1 J{UJ}:I{_l lJ{uJ}:[A :|
(28)
for x, =0 and x; =1 inthe interval 0 <x<I.
After substituting (28) for (26) we have
{up=[ela} =[@] A* [{r}=[N]{r}, (29)
B l-x 1-¢ X 1+¢
where [N]—LNi, NjJ, N, - = N; AT
and N; +N; =1 on the element in Fig. 2.
The deformation matrix [B] is obtained from (7)
[B]=[-1/1;1/1T . (30)
N
A -
TR S 1; e=1 &
= ._1 ..... | 3? 3
I J

Fig. 2 Shape functions on an element

The stiffness matrix of the element is given by (25), (30)

and (12)
ES|1 -1
[K]=—L_1 1J

|
The transformation of a local vector {r} to a global vector

(31)
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{r}glob is defined in (13). Therefore, we have

- 2D structure

[T]:{cos(a) sin(a) 0 . J for 2D 32)
0 0 cos(a) sin(a)
cos(a)= % I_Xi , sin(a):@
- 3D structure
1= cos(ex) cos(B) cos(y) 0 0 0
[ ]_L 0 0 0  cos(a) cos(B) cos(y)J
cos(a) = 7% cos(ﬁ)=u, cos(y) = L5

where the angles o, S, y are between the local and global axes
XX, Yy, Zz.

IVV. FRAME STRUCTURES

Frame structures are discretized by beam elements. These
elements are defined based on Euler-Bernoulli or
Timoshenko's theory. Euler-Bernoulli's hypothesis assumes the
preservation of the angle of the normal section after beam
deformation. Timoshenko's theory assumes the occurrence of
shear deformations and thus the normal section on the axis of
the bar does not maintain its normal direction but rotates.

In the case of 2D stressing of the beam for tension-
compression, bending, and shear, we have:

W=tuv. 6 {e)={e.n,) {0} ={onz,) (33

Based on the Euler-Bernoulli hypothesis (the normal to the

axis of the beam before deformation is normal after
deformation), we have
u(x,y)=u, (x)=y.6,(x), v(x,y)=Vv(x), (34)

where u, (x),v,(x)are the displacement of the beam axis,
o

z

(x) is the rotation of the beam section. Next, we have

dv, (%)
X)=—"o
() ==,

In the case of the Timoshenko hypothesis, the pseudo
rotation of the normal 7, (x) is defined from the strain-
displacement relation as follows:

ou(x,y) ) ov(xYy) |

o,

z

(35)

Vo (X Y) = Py o (36)
After we substitute the (2) to (4), we have:
0,(x)= —dva)((x) -7,00, 37)

where ,(X) is the constant shear strain in the z coordinate.
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Fig. 3 2D - Beam element

The strain ¢, (x,y) is defined from the equation (2)
du,(x)  dé,(x)
X, y)= -Vy. .
& (x¥) dx y dx
The stress-strain relations are defined in eq. (8), where the
matrix [D] is

o[£ |

The initial stress due to the temperature T (X, y) and the

initial temperature T, is defined as follows
T

{e} ={or (T-T,), 0} . (40)
The internal forces on the beam N(x), M(x) and V(x) are
defined as follows:

(38)

(39)

N(x)=]o,(x)ds, M, (x) =] y.o,(x).dsS
V, (x) :J 7, (x).dS (41)
Considerisng eg. (8), (7) and (9), we have
N =B N M, (=B, 2%
A Y AT g v
dv,
v(x)zmSLdX HZJ, (42)

where S is the cross-section of the beam, I, is the moment of
inertia of the cross-section, and « is the shear coefficient of the
cross-section.

The internal forces of the beam Ni(x), Mi(x) caused by the
influence of temperature are defined as follows:

T, +T, T,-T
Nt:ESat.[%—TOJ, M, = El, o~

(43)

The local vector of DOF ‘s {r}and forces {F} on the beam
element in Fig. 3 is as follows:

E-ISSN: 2074-1316
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r={u w a6, u, v, o},
{F} :{ inv Fyl’ Mzw FXj’ vi? sz }T (44)

The displacements u(x), v(x), and rotation &,(x) on the beam
after the substitution of x =(1+&)I/2 are as follows:

u(&)=Nyu; + N,u;, 0(&)=N,0 + N,0,,

V(&) =Ny, +N,6 + Ngv; +Nq6, , (45)

where the shape functions are as follows

N, =(1-¢)/2, N,=(1+&)/2, N,=Y2-¢(3-¢£%)/4,
N, =L(1-¢")-1-¢)/8, Ny =Y2+£(3-¢")/4,
Ny =-L(1-&%).(1+¢)/8.

Then, the beam element shape matrix is as follows:
N, 0 0O N, 0 O
[N]J=] 0 N, N, 0 N; Ng|.
0 0 N O O N,
The virtual work of the internal forces on deformations is

on={0e) (o} av - j'[ Jloe} fe} dSJ dx

(46)

1 47)
= J, 00" (Qr ax= [ 1o} {Q}(1/2)ds.

rYixrVix

where {q}={u,.0,,v —H}T is the deformation vector and

{Q}={N,.M, .V, }T is the vector of the internal forces.

Then we have

ES 0 0
{Q}=[D]{a}, where [D]=| 0 EI, 0 (48)
0 0 «GS

The deformation vector {q} is defined from the eq. (36) and
(38) as follows:

fay=[37 {u =[3] [N{r}=[B]{r}, (49)
where the matrix [BJ is as follows

_I—l 0 0 % 0 0
[E}: 0 0 _Tl 0 0 %

9 _%(1_§2) 352_825-1 0 %(1_§2) —(3§z;2§—1)_

After substituting the eq. (49) to (47), we have

104
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-1

={or} [K]{r}

-1

(50)
where [K] is the stiffness matrix of the beam element,
S(1
(1+2) 0 0 S(1+21) 0
21, 21,
6 3 6 3
- 2 0 — 2
12 | 12 |
(247) 0 3 1y
[K]=k, I :
S
(1+2;() 0 0
21,
6 3
sym. 3 T
i (2+7)]
2El
K =——2 | =6El /xGSI?. 51
T ./ (51)

The vector of generalized forces from the continuous
pressure on the element py (x) is expressed from the relations
(12) in the form of

L L pX L O
{Fo}=[INT {p}dx=[[N] {p, dx=[[N] {p, rdx,
0 0 mZ 0 O
(52)
0
1-3x3/2+2x3/1°
| 2 3 2
{Fp}=£ X—2X /(I)_+x /L b dx.
/22318
—xX2/L+x%/12
In the case of constant pressure py(x) = py = const. we have
{(F,}=p,J0 L/2 /12 0 L2 —|_2/12]T : (53)
The reaction vector is defined in the form:
{R} :{in R, M; Ry Ry sz}T )
with support, we get from the condition equations
{R=[KHr}-{F}. (54)

The vector of internal forces on the beam i — j is defined as
follows:

b =N v MoNp Y My

T
1
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-1 0 0 0 0 O
01 0 0 0 O
0 0-10 00
{py=[SKRj.and [s]=f = = o o ©®
0 000 -10
|0 0 0 0 0 1]
where [S] is the static matrix on the beam element in the local

coordinate system.

The vector of DOF parameters and generalized forces in the
global coordinate system in the case of a frame structure in the
XY plane is of the form

=Ty {(Fi=[T1{Fy or

(Mo =[TT {1} {Flyu =[TT -{F}, (56)
(I o] | | S St 9
here [T]{[o] [TJ-]" [T]= O(ai) éai) (1) :

the angle ¢; (or «;) is the angle between the support at node i

and the x-axis of the beam.
In the case of 3D straining of the beam, we have tension-
compression, bending and shear,

{u}={u,v, W,HX,Qy,QZ}T, (57)

T T
{g}:{gx,}/xy 7)’2 yZX} ! {O-}:{O-X'Txy’ryﬂrzx} '
Based on the hypothesis of preservation of cross-section
planarity and rotation of the pseudo-normal, we have

u(xy,z)=u,(x)-y.0,(x)+2.6,(x), (58)
where u, (x)are the displacements of the node on the axis of
the beam and 6, (x), 6,

,(x), are the rotations of the beam
cross-section around the Y and Z axes, while the rotation of
the cross-section can be considered according to Euler-
Bernoulli (the normal will retain its orientation after
deformation) or according to Timoshenko's hypothesis (the
rotation of the pseudo-normal consists of the rotation of the
normal and also the skew angle due to shear deformation)
similarly to the previous section.

The vector of DOF‘s parameters and the vector of
generalized forces on an element in a local coordinate system
are defined in the form

r={u v w 6, 6, 6, u v

] J

W, 05 0, 6 }T '
(F} (59)
{Fl} :{in Fyi in Mxi Myi Mzi }T ’
(F) M.}

V. SOLVING TRUSS STRUCTURE BY USING FEM

yi zi Xi yi

Example V.1 - Calculate the value of displacements and
internal forces under the action of singular forces using the FE
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method in the MathCAD software on the truss structure (Fig.
4).

P1

Fig. 4 Scheme of the truss structure

A) Input data:

The structural geometry, loads, boundary conditions, and
identification of nodes and elements are shown in Fig. 4.
Geometrical and physical input data are defined in further
procedures:

- Geometric characteristics of cross sections:

AT := (500 250 500 500 250)- mm?. (60)
- Material characteristics:
E :=210.10°kPa. (61)
- Load defined in nodes on the global x and y axis:
1 0 -88
L, = F, = KN (62)
2 -44 -88
- Node coordinate system:
o, =(30.deg), Ny =rows(a). (63)

- Boundary conditions:
(O—the shift is bound, 1-the shift is free)
Bounds are defined in the form: Node — X bound- Y bound

300
Bounds = 400
(64)
- Geometry description:
Node coordinates are defined in the following matrix:
- 0101
Nodes' = -m (65)
1100

The numbering of nodes by elements is defined in the
localization matrix:

1 41 2 3
Local " ::( ] (66)

312 42
- The number of structural nodes can be determined as
follows:

Nodes = FOWs (Nodes ) (67)
- The number of structural elements can be determined as
follows:

Netem = FOWs (Local )

- The number of nodes on an element is defined as follows:

NNpe =2

(68)

(69)
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- The number of degrees of freedom (DOF) in nodes is defined
as follows:

ndof , =2 (70)
- The number of DOF on an element is defined as follows:
ndof . = nn,.ndof (71)
- The element length is calculated as follows:
i =1 Ny (72)
2
L= (( NodesLocah‘zy1 - NodesLoca,iJ’l) +
1
232
+ ( I\IOdESLocaIL2 27 NOdesLocaI,'l,Z )
- The orientation of the elements is defined as follows:
G = NOdesLocall'z,l - NOdesLocal,'l,l (73)
L
5 = '\IOdesLocalilz,ZL_I NOdeSLocaliyl,Z . (74)

B) Definition of procedures for calculating the numerical code
of nodes and elements

The code number of nodes and elements is calculated using
MathCAD program procedures.
- Procedures for calculating the numerical code of nodes:

Codenod ( Bounds, Nodes) :=
n«0

for i 1..rows(Nodes)

for jel.cols(Nodes)
n<«n+1
Aj<n

for k e1..rows(Bounds)

n«n-1if (Bounds,, =i)-(Bounds, ;., =0)

A j <0 if (Bounds,, =i)-(Bounds, ;., =0)

|A
- Procedures for calculating element code numbers:
Codeele(Local,Codey,, ) =

(75)

for iel.rows(Local)

for jel.cols(Local)

for k e1..cols(Codey,q )
| < (j—1)-cols(Cedey,g ) +k
A < Codeyyy

(Locali‘J)‘k

A | | (76)
The global force vector is calculated using the code number
vector.
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Fglob(F,,L,,Code) =

nel « cols(Code)

for i e1..max(Code)

A <0

for i el.rows(Code)

for jel.cols(Code)

for k el.rows(L,)

Pcoe,, < Acote,, + Fu, , If (Code, ) #0A L, =i
A

- Procedures for calculating the total stiffness matrix of the
structure using the numerical code of the elements:
Kglob(KT,Code) =

(77)

nel « cols(Code)
for i e1..max(Code)
for j el..max(Code)
A;<0
for i e1..rows(Code)
for j el.cols(Code)
for k e1..cols(Code)
Acode, | ,Code,, <~ Acode, ; Code,, + KTj,(i—l)<ndopr+k /
/ if (Codei’ ; -Code; , ) £0

- Procedure of decomposition of the vector of deformation
parameters for elements:

r _elem(rglob , Code) =

(78)

for i e1..rows(Code)
for jel.cols(Code)
Aji <0

for i 1..rows(Code)
for jel.cols(Code)

A« Fglobgyg, if (Code”)io
A (79)

C) Calculation of the local and global stiffness of the matrix
- The element stiffness matrix in the local coordinate system is

equal to
1 —
Kel (i) :=ko; - .
el (i) = ko, [_1 1J

- The element transformation matrix is defined as follows:

e L

In case of a rotated support, we define the node coordinate
system in the given node «, There are procedures for
calculating transformation relations.

L,

(80)

(81)
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Tucos(c, Local, &) =

Nrot < FOWs ()

for i e1..rows(Local)

for jel.cols(Local)
A<
for k el.ny

A j < cos(acos(c;)—ay, ) if /

/ ak’]_ = LOC&|I’J /\ak’Z #0

A (62)
Tusin(s,Local,a) =
Nror < FOWS (cx)
for i 1..rows(Local)
for jel.cols(Local)
A< s
for k el.n,
A < sin(asin(s)-ay, ) if /
/ ak’]_ = L00a||’1 /\ak’Z * 0
A (©3)
- The oriented cosine of an angle is defined as follows:
Cu:=Tucos(c,Local, &, ). (84)
- The oriented sinus of an angle is defined as follows:
Su:=Tusin(s, Local, ). (85)
Cu; Sy 0 0
T(i)=| * . 86
(i) ( 0 0 Cu, Su, (86)

- The element stiffness matrix in the global coordinate system
is calculated from the local stiffness matrix and transformation
matrix:

N AT . .

Keig () =T (i) Kg (1)T(i). (87)
- The element load vector in the global coordinate system is
calculated from the vector in the local coordinate system:

1 0 -88

LFu = Fu = kN, (88)
2 44 88

Faton = Fglob(F,, L, , Codeygg )

(89)

- The boundary conditions are defined in the following matrix:
00
0 OJ'
- Structure node code numbers are calculated using the
following procedure:

3
Bounds = L4 (90)

Code, 4 := Codenod ( Bounds, Nodes), (91)
1 300

Codey' = : 92

nod [ 2 4 0 OJ ( )
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- Structure element code numbers are calculated using the
following procedure:

We determine the maximum displacement value as follows:
Code,, := Codele( Local, Codey,, ),

my :=max(max(rie) [ Min(reer)|) ,
3 1 _143400°m, (108)
10130 The interpretation scale is:
Code,,' = 0130 3 (94) p::(%.mkj.ml, p=98.644m™.
r
0 2 40 4

(109)
The geometry of the deformed structure is presented in Fig. 5.

- The maximum number of unknown parameters is calculated

from the matrix of code numbers:

Nt = max(Codee,e), Mot = 4.

The geometry of the structure deformation shape is defined as
(95)  follows:
- The global element stiffness matrices are inserted into one
KT-matrix:

Xploti,l = )%LOkali,l + p'rtOtl,i
= + p-r
q:=1.ndof , 96) M1 T ntoka P
; = +pr
KT<q+ndofpe.(|1)> — Ke|g (i)<q 97) Xploti,2 Xn|_o|(a|i,2 p t0t3,i
- The global structure stiffness matrix is calculated from the ~ Ypiot , = y”Lﬂkali’z Py,
following relations using the matrix of code numbers of the
Structure:

XplotL3 = )%Lokali L + p'rtotl’i
Kgiob = Kglob(KT,Codee|e) , (98) Yploti,3 = ynLokaIi ) + p'rtot2,i
1236 -186 -105 O i:=1..Nglem j ==1..c0ls(Xiot) K:=1..Nnoge
-18.6 123.6 0 0 110
-105 0 1236 186
0 0 186 1236 e 7 ' ' '
- The unknown DOF can be calculated as follows:
Mglob = Kglobil'Fglob 1 (100) 1k o D .
fyo =(~1.36 —0.92 —1.43 —0.5).mm (102) T )
- Calculation of displacement vectors in elements in LCS: Yoy y e L |
Displacement vectors in elements are defined as follows: Va or ‘-1 b y ]
hot =1 _elem (1o, Codeye ), (102) o= "-“ e h
ot L" % -
-1.356 0 -1.356 -1.434 0
-0.916 0 -0.916 -0.497 0 ¥ min
rtOt = .mm —-035 1 | |
0 -1.356 -1.434 0 -1.434 =03 0 0.5 1 15
0 -0.916 -0.497 0 —-0.497 Foin Feloy ;o Fan
(103) - --- Truss Members
The vectors of degrees of freedom of the system (DOF) by ooo nodes
elements are defined as follows: ) Fig. 5 Original and deformed structure of the truss
rele<I> =T (i)-rtot ) (104)
0916 0 -1.35 0.497 0 VI. FRAME SOLUTION USING FEM
e = -mm
cle [ 0 0311 -1434 0 —1.365J (105) Example V1.1 - On the frame structure (Fig. 6), calculate the
The element vectors of forces in the LCS are calculated as value of displacements and internal forces under the action of
follows: singular forces using the FE method in the MathCAD
(i) . . 0 software. The numbers of nodes and elements, as well as the
Fee'’ = Ka (') Tete " » (106)  orientation of the local x-axis, are marked in the Fig. 6.
96.2 -116 8.2 522 50.7
Fae = kN . (107)
-96.2 116 -82 -52.2 -50.7

- Graphic control of the truss deformations

To display the deformed shape of the structure, it is
necessary to calculate the relative limits of the structure.
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Fig. 6 Static scheme of the frame with loads

A) Input data:

The structural geometry, loads, boundary conditions, and
identification of nodes and elements are shown in Fig. 6.
Geometrical and physical input data are defined in further
procedures:

- The geometrical characteristics of the cross-sections are
defined for a rectangular cross-section using b and h:

b":=(06 0.6 0.3).m, (111)

h':=(0.6 06 0.6).m. (112)
The number of elements is calculated as follows:

Nejern = FoWs(b), i :=1.nqn, . (113)

The cross-sectional area A and moment of inertia of the
cross-section | are calculated as follows:

A=b-h, (114)
I ::%-bi-(hi):*. (115)
- Material properties are defined as follows:

E:=30-GPa G:=043-E K::% (116)
- Element load is defined as follows:

P =10-kN-m™ L =(3), (117)
np = rows(Lp ) (118)
- Node load is defined as follows:

P =100-kN Lg =(1) F,= u—l'\jl 0 oJ , (119)
Ng = rows(LFu ) . (120)

The definition of the code coordinate system is the same as
in (61). (0O-the DOF is bound, 1-the DOF is free, 2-DOF is
independent)

Kinematic boundaries are defined in the following form:

Bounds: Node-U-V -9,
2 112
Bounds:={3 0 0 O0]. (121)
4 000
Static boundaries are defined as follows:
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(O-the bound is free, 1-the bound is bound)

Release: element —ul, v1, o1, u2, v2, 92

2 00001
Release : .
30000 2

- Description of frame geometry:
The node coordinates are defined in the following matrix:

Nodes' = 0606 m.
33 00

The location of the elements and nodes is defined by the
following matrix:

: (31 4
Local’ =
12 2

The number of structure nodes is the same as in (65). The
number of elements is the same as in (66). The number of
element nodes is the same as in (65).

The number of degrees of freedom in nodes is:
ndof,, =3 (125)

The calculation of the beam length is the same as in (70),
and the orientation of the beams is the same as in (71, 72).
B) Definition of procedures for calculating the numerical code
of nodes and elements:

(122)

(123)

(124)

Code numbers by nodes are defined by the following
procedure:

Codenod (Bounds, Nodes ) :=
n<o0
for i e1..rows(Nodes)
for j el.cols(Nodes)-1
n<n+l1
Aj<n
for k e1..rows(Bounds)
nen-1if (Bounds,; =i)-(Bounds, j,, =0)
A j < n if (Bounds,; = i)~(Boundskyj+l > 2)
N« n+Bounds, j,, -1 if (Boundsk'l = i)o /

/ -(Boundsk’j+l > 2)

A« 0 if (Bounds,, =i)-(Bounds, ;., =0)

A
| I ] (126)
The definition of the procedure for calculating beam code
numbers is the same as in (75). The definition of the procedure
for calculating the numerical release codes is as follows:
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kod mod (Re lease, Code) =

for ie1.rows(Code)
for jel.cols(Code)
A, < Code; ;

for k el..rows(Release)

(127)

A j < Code; ; +Release, j,; —1 if (Release,; =i)-

~(Re|easek]j+1 > 0)

The procedure for calculating the total stiffness matrix is the
same as in (77).

The global load vector at the nodes is calculated by the
following procedure:
Fglob(A,F,,L,,Code) =

for i el.rows(Code)
for jel.cols(Code)
for k el.rows(L,)
ACodeLj < ACodei‘j + Fuk‘j
A

The global load vector at the elements is calculated by the
following procedure:
Pglob(A, F,,Code) =

(128)

if (Code; j)#0AL, =i

for i el.rows(Code)

for jel.cols(Code)

for k el.rows(F,)

Pcote,, < Acods,, + e, if (Code; ;) =0
A

The decomposition of the vector of deformation parameters
for the elements is the same as in (78).
The node code number matrix is defined as follows:

(129)

Code,,,q := Codenod (Bounds, Nodes)

1 400
Code,q' =[2 5 0 0 (130)
3600
The element code number matrix is defined as follows:  (126)
Code,, := Codeele( Local,Code,,q ) (127)

000123
=12 3 45 6

3
0 00 456

The maximum number of unknown parameters is as follows:
Nit = maX(COdeele) Mo =7 (132)

1

Code 1

ele
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- Definition of the beam stiffness matrix in the local
coordinate system (LCS):

The relative stiffness in bending and shear is defined by the
following parameter:

6-E-I
pm—sli 1 (133)
K-G-A-L m
A=At Lol tiotpop b (134)
m? m m* kPa
(133)
[ 4-{1+2-7) 134
e2p) )
n =
ﬂ 3 I e
] 2-E.I, L,
Ko i== o720 , :
PR | By T.'.L_. [I [I
0 = (1-7)
__._|'_.=1__'3'.;/_: T
0 0
0 o 2
0 —  {1-7)
AA1+2- 7.
bl ) 0
) 6_ _,3
0 = (24 7:)
L o
(135)
(VII...29)

- The beam transformation matrix is defined in the following
matrix:

¢G s 0 0 0 O
s ¢ 00 0 O
T(i)= 001000 . (136)
0 00¢ s O
0 0 0 s ¢ O
0 000 O01
(136)
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In the case of rotated support, we define the node coordinate
system at the given node ay: Same as in (81, 82, 83, 84)

Cu, Su; 0 0O 0 0
Su; Cu, 0 0 0 O
()= 0 0o 1 0 o0 0f 137
0O 0 0 Cu, Sy, O
0O 0 0 Su, Cu, O
0o 0 0 0 0 1

The calculation of the beams stiffness matrix in the global
coordinate system is the same as in (87). (137)

The beam load vector in the global coordinate system is
defined as follows:

m
=Per—— 138
Pe = Pe 1 (138)
j=ln, k=L, , (139)
"p
-p, -L
S U] (140)
Pez,ij ) 2 !
2
—p. L
F, = § [ (ij)J
Peary; 12 ’
Pes.Lp; = Fpevapj Pes.Lp,; - Pes.,, (141)
Fu ()= Pl

The transformation of the beam load vector to the global
coordinate system is as follows:

J=Lng  Fgop, =0, (142)
Keg (1):=T (i)' -Fy (i), (143)
R =Ry (i), (144)
Fatob = Pyion ( Fyiab» Fe» COUE ). (145)

The global frame load vector from the singular forces at the
nodes is defined as follows:

Fg'Ob = Fg|0b<Fg|ob, FU y LFu ,COdenOd ) y (146)

Fyo' =(~100 0 0 -90 0 45). (147)

The calculation of the global structure stiffness matrix is the
same as in (96, 97).

The composition of the matrix of the total stiffness of the
structure from the stiffness matrices of the elements is the
same as in (98).

- Calculation of displacement vectors in beams in LCS:

The displacement matrix in the elements is calculated as

well in the relation (102)
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0 -9.093-107° 0
0 3.598-107' 0 (148)
0 ~2.706-107° 0
rtot - 5 -5 -5
-9.093-10° -3.839-10° -3.839-10
3598-107  6.711-1077  6.711-1077
-2.706-10° -8.398-10 2.389.107*

The beam force matrix at the elements in LCS is calculated
as well in the relation (106)

-1.295 -94569 -1.208
5431 -1295 21.399
15.447 -5.224 -0.13
Fele = (149)
1.295 -68.601 1.208
-5.431 -1.208 -21.399
5.224 0 45

- Graphical control of the frame deformations is based on the
calculation of the maximum value of the displacements as
follows:

m = max (max (e ). [min ()

m, =2.389x10* . (150)
The interpretation scale is defined as follows:
max ( L
= ﬁ.mk p=2.511x10°. (151)

m
The ge;)metry of the deformed structure in Fig. 7 is defined

by the following relations:

XplotL1 = XWLOKaIi,l + p'rtotl’i
yploti’l = ynLDkaIi,l + p'rtotz,i
XplotL2 = X’]LOkaIi,Z + p'rtots’i
yploti,z = ynLDka|i’2 + p'rt0t4,i
Xploti,3 = X’]LOkaIi,l + p'rtotl,i

2,i
j= 1..co|s(>§,|ot)

Yplot. . = ¥Yniokal. . T P Tiot
i,3 i,1
i= l.-nelem k:= 1..nn0de .

(152)
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Fig. 7 Original and deformed frame structure

VII. CONCLUSION

This paper presents the experience of teaching FEM at the
university. We currently use mathematical software such as
MathCAD to solve truss and frame structures. Not knowing
the essence of the problems leads to unprofessional and
ineffective solutions to the static problem. The authors offer
the readers of this article, those interested in the presented
problems, the original library of applications in MathCAD
software created by the authors and used at the university for
teaching the finite element method for free.
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