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Abstract—-  Real-life  structures  always include
indeterminacy. The Mathematical tool which is well known
in  dealing with indeterminacy is Neutrosophic.
Smarandache proposed the approach of Neutrosophic sets.
Neutrosophic sets deal with uncertain data. The notion of
Neutrosophic set is generally referred to as the
generalization of intuitionistic fuzzy set. In 2021, P.
Anbarasi Rodrigo and S. Maheswari introduced new
concepts of Neutrosophic closed sets namely Neutrosophic
generalized semi alpha star closed

(briefly N ,,gsac* €losed) sets and N, gSor* -open  sets
as N ,oso*-eontinuity in  Neutrosophic

topological spaces and studied their some properties. In
this chapter, we introduce the notions of

N ,,oSo* compact spaces, N, osa* -Lindelof space,
N, osa * compact spaces,
N . o8 * <€onnected spaces, N, oS ™ -€separated sets,

as well

countably

N ,, —Super-gsa * -connected spaces,
N ,, —E xtrem ely —gsa * -disconnected  spaces, and
N ,, —Strongly —gsa * -connected spaces,

N s *-R egular spaces, strongly N gSo™* -R egular
N ,,08c*-Normal  spaces, strongly
N s *-Normal spaces by using N, gSo*-open sets

spaces, and

and N, oso*—closed sets in Neutrosophic topological

spaces. We study their basic properties and fundaments
characteristics of these spaces in Neurosophic topological
spaces.
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I.INTRODUCTION

Many real-life problems in Business, Finance, Medical
Sciences, Engineering, and Social Sciences deal with
uncertainties. There are difficulties in solving the
uncertainties in data by traditional mathematical models.
There are approaches such as fuzzy sets, intuitionistic
fuzzy sets, vague sets, and rough sets which can be
treated as mathematical tools to avert obstacles dealing
with ambiguous data. But all these approaches have
their implicit crisis in solving the problems involving
indeterminant and inconsistent data due to inadequacy
of parameterization tools. Molodtsov introduced soft set
theory. Smarandache studies neutrosophic set as an
approach for solving issues that cover unreliable,
indeterminacy and persistent data. Applications of
neutrosophic topology depend upon the properties of
neutrosophic closed sets, neutrosophic interior operator,
and neutrosophic open sets. In 2021, P. Anbarasi
Rodrigo and S. Maheswari introduced new concepts of
Neutrosophic closed sets namely Neutrosophic
generalized semi alpha star closed
(briefly N, —gsa* losed) sets and N, —gso* -open
sets as well as N ,, —gso* -continuity in Neutrosophic

topological spaces and studied their some properties. In
this chapter, we introduce N ,,gSo™-compact spaces,

N ,,o8a* -Lindelof spaces,


mailto:rlatif@pmu.edu.sa
mailto:rajamlatif@gmail.com
mailto:dr.rajalatif@yahoo.com

INTERNATIONAL JOURNAL OF PURE MATHEMATICS
DOI: 10.46300/91019.2022.9.12

Countably N, gso* -<compact spaces,
N oS * -€onnected  spaces, N . oSo* -separated sets,

N ,, —Super-gsa * -connected spaces,
N ., —E xtrem ely —gso * -disconnected spaces,
N ,, —Strongly —gsa * -connected spaces,

N o5 *-R egular spaces, strongly N, gso* -R egular

spaces, N, oso*-Normal space, and strongly
N ,oSa*-Normal spaces by using neutrosophic
N ,oSa*-opensets, and N ogso*-closed sets in

neutrosophic topological spaces. We investigate their
several basic properties and characterizations in
neutrosophic topological spaces.

Il. PRELIMINARIES
Definition 2.1. Let X be a non-empty fixed set. A

neutrosophic set (briefly N, —set) P is an object

having the form
P ={(X 45 (%), 05 (x), 75 (x)): xE X}, where
u (x)-represents  the degree of  membership,

ap(x)-represents the degree of indeterminacy, and

75 (X) - represents the degree of non-membership.
Definition 2.2. A neutrosophic topology on a non-
empty set X is afamily T, of neutrosophic subsets of

X satisfying (i) 0,1, €T,. (ii) GNHeT, for every
G, HeT,, (iii) |JG, eT, for

jed
every{Gj :jeJ}ng.Then the pair (X,T,)is called a
neutrosophic topological space
(briefly, N, -Top—Space). The elements of T, are

called neutrosophic open (briefly N, -open)sets in X.

A neutrosophic set A in X is called a neutrosophic
closed (briefly N, closed) set if and only if its

complement A® isa N, -open set.

Definition 2.3. Let (X,T,) be a N -Top—Space
and A bea N ,, -set.Then

(i) The neutrosophic interior of A, denoted by
N, Int(A)is the union of all N, -open subsets of A
(ii)  The neutrosophic closure of A denoted by
N, Cl(A)is the intersection of all N, —closedsets

containing A.
Definition 2.4. Let A be a N -subset of a

N, -Top—Space (X,T,).Then Ais said to be a
neutrosophic regular open set if Ac N, Int[N ,CI(A)].
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The complement of a neutrosophic regular open set is
called a neutrosophic regular closed set in X.
Definition 2.5. Let (X,T,) be a N, -Top—Space

and A bea N, -set of X. Then A is said to be a
neutrosophic o -closed (briefly N o closed) set if
N, CI[ N, Int(n ,CI(A))|c A

Definition 2.6. Let (X,T,) be a N, -Top—Space
and A be a N, -set of X. Then A is said to be a
neuromorphic a.* -open (briefly N, a.*-open) set
if Ac N aInt[ N ,,CI(N aint(A))].

Definition 2.7. Let (X,T,) be a N -Top—Space
and A be a N -setof X. Then A is said to be a
neuromorphic generalized semi alpha star closed
(briefly N, g so.* closed) set
ifN It N, aCl(A) ] N, Int(G)
AcG and G is N o* -open set.
Theorem 2.8. [Theorem 3.30;Rodrigo et al 2021]In  a

whenever

N, -Top—Space (X,T,)we have the following
conditions.

(i)0, and 1, are N, gsa*-closedsetsin (X,T,).
(ii)The  intersection ~of any  number  of
N, gsa*-closed sets is N, gso*-closedset in
(X, Ty).

(iii) The union of any two N gso*—closed sets is
N, gso*-closedsetin (X,Ty).

Definition 2.9. A N, —Set A in a
N, -Top—Space (X,T,) is called a neutrosophic
generalized semi alpha star open
(briefly N, g so.* -open) set if

N ,,Cl(G) =N ,aCI[ N alnt(A)] whenever G< A
and G is N a* <losedset. A isa N ,,gsa*~-closed
set if its complement A®isa N, gso*-open setin X.

The collection of all
N, gsa*-open (resp. N, gsa*closed) sets in a
N, —Top—Space (X,Ty) is denoted by
N, gsa*-O(X,Ty) [resp. N, gs0*-C(X,Ty)].

Theorem 2.10.  Every N, -closedset in a

N, —-Top—Space (X,T,) isaN ,gso*-closed set in
(X.T,).

Definition 2.11. A
N, -Top—Space (X, T, )is

in a

neutrosophic

N, —set A
called a
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generalized semi alpha star interior of A
(briefly N, gsar* Int(A)) and neutrosophic generalized
semi alpha star closure of
A (briefly N, g sar* CI(A))are defined as follows:

. N gsa*Int(A)=
(1) U{G:Gisa N ,gsa*-opensetin X and G c A}.
(i

N, gsa*Cl(A)=
N{K:KisaN ,gsa™ -closed setin X and Ac K},
Theorem 2.12. Let (X,Ty)be a

N ., —Top—Space.Then for any N, -subsets A and
B of X, we have

(i) N gsa*Int(A)c Ac N, gsa*Cl(A)

(i) A is N, gso*-openset in Xif and only if
N, gsa* Int(A)=A.

(iii) A is N, gsa*—closedset in X if and only if
N gsa*Cl(A)=

(iv)

N, gso* Int[ N, gsa* Int(A)] =N, gsa* Int(A).
(V) N, gsa* CI[ N, gsa* Cl(A) =N, gsa* CI(A).

(vi) If Ac B, then
N ., gsa* Int(A)= N, gsa™ Int(B)
(vii) If Ac B, then

N, gsa*Cl(A)c N, gsa*Cl(B)

(viii) (N, gsa*CI(A)) =N, gsa* Int(A°)
(iX) (N, gsa* Int(A)) =N, gsa* CI(A°)
(X) N o gsa* Int(0, )=0,

N, gsa* Int(1, )=1,_

(Xi) N, gsa*Cl(0, )=0, ,

N, gsa*Cl(L, )=1,_

(i) E ::iZ* :EtEA)ﬂl\zeugsa* Int(B)
N, gsa*Cl(AUB)=

(
(Xiii) (A)UN ,, gsa*CI(B)
(
(

N ., gsa*Cl
N, gsa* Int(A)UN ., gsa™ Int(B)c

N, gsa* Int(AUB)

(Xiv)
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(iii) N, gsa*CI(ANB)c

ii

N ,,gsa*Cl(A)NN ,, gsa™Cl(B)

Theorem 2.13.In a N, -Top -Space (X, T, )we have

the following conditions.

(i)0, and 1, are N, gsa*-opensetsin (X,Ty).
(ii) The union of any number of N, gsa.*-open sets is
N . gso*-opensetin (X,Ty).
(iii) The intersection of any two N, gso.*-open sets
is N, gsa*-opensetin (X,Ty).

Definition 2.14. A function f:(X,Ty)—>(Y,o)is
called a N, gsa*-continuous function if f*(B) isa
N, gsa.*-open (resp. N, gsa.* —closed)set in X, for
every N, -open (resp. N, —closed) set B in Y.
Definition 2.15. A function f:(X,T,)—>(Y,o)is
called a N, gso*rresolute function if f*(B) is a
N, gsa.*-open (resp. N
every N, gso*-open (resp. N
inYy.

wgsa* —closed) set in X, for
wsa*—closed) set B

I1l. NEUTROSOPHIC GENERALIZED SEMI ALPHA
STAR COMPACT SPACES
In this section, we introduce N oS ™ -compact space,

N ,,os0* -Lindelof space, and countably
N o8 * €ompact space and investigate their basic
properties and characterizations.

Definition3.1. A collection  {A:iel} of
N, -open (resp. N, oS *-open)  sets  in  a
N, —Top -Space (X, T, )is called a

N, —Oopen (resp. N eugSo(*-open) cover of a subset B
of X if BcU{A:iel} holds.

Definition 3.2. A subset B of a N, -Top -Space
(X, Ty) is said to be
N, -compact (resp. N ,,gsoc* -compact)  relative to
(X,Ty), if for every collections {A:iel}of

N, -open (resp. N ,cso*-open) subsets of (X,Ty)
such that B U{A :i eI} there exists a finite subset I,
of 1 such that B U{A :iel,}.

Definition 3.3. A subset B of a
N, -Top-Space (X,T,) is called N, -compact
(resp N, gsoc* -compact ) if B is
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N, —-compact (resp. N, gSa*-compact) as a subspace

of X.
Theorem 3.4. A

N, osa* -compact
relative to (X,TN).
Proof. Let A be a N ,osa*-€losed subset of a
N ,, 5o -compact (X,Ty). Then A°
N, gsa*-open in (X,Ty). Let s={A:iel} bea
N, gsa*-open cover of A by N, gsa*-open
subsets of (X,Ty). Then s*=sU{A°|

N ,,gSo.* -open of  (X,Ty).That
(U, AU 1)
N, osa*-€ompact and hence s * is reducible to a
subcover of (X,Ty)
UAn U AS, A eScs*

UA . Thus a N, gsa* -open cover S
A

N, osa*¢losed  subset of

(X,Ty) is N ,os0*-compact

a

space is

1S a

cover 18

By  hypothesis

finite say

Then

of A contains a finite subcover. Hence is

N oS0t * €ompact relative to (X,Ty).
Theorem35. A N, -Top-Space (X,Ty)
N oso*-€compact if and only if every family of
N, osa* <losed of (X,Ty)having finite
intersection property has a non-empty intersection.
Proof. Suppose (X,Ty)is N, gso*-compact. Let

18

sets

{A:iel}be a family of N, osa*—closed sets with
finite intersection property. Suppose ﬂiel A =¢. Then
X —)..,A =X. This implies [ J_ (X —A)=X. Thus
the cover {X —A:iel} isa N, gsa*-open cover of
(X,TN ) Then the
{X—-A:iel}has
{X—A:iel,} for some finite subset 1, of I. This
X = UiEIO(X -A ), which
X =, (X =A)=¢ which implies (), A =4. This

N ,cSa*-open  cover

a finite subcover say

implies implies

contradicts the assumption. Hence ﬂiel A =g
Conversely, suppose ( X, Ty ) is not
N g0 * -compact. Then there exists a

N s> -open cover of (X,TN ) say {Gi e I} having
no finite subcover. This implies for any finite subfamily
{G,:i=12,..,n} of {G :iel}, we have
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U, Gi = X, which implies X - J G, = X - X, which

implies () ,(X-G;)#4.  Then the family
{X-G:iel} of N, osa*-closed sets has a finite
intersection  property.  Also, by  assumption

., (X=G)#¢ which implies X —|]J G #¢ so
that | J._ G, # X. This implies {G, :i < I}is not a cover
for (X,T,). This contradicts the fact {G:iel}is a
cover for (X,T,). Therefore a N, gso*-0pen cover
{G,:iel}
{G,:i=1,2,...,n}. Hence
N, oso* -compact.

Theorem 3.6. The image of a N, gsot* -compact space

N ,o8a*<rresolute  mapping
N, oso* -compact.

of (X,T,) has a finite subcover

(X, Ty) is a

under a 1S

Proof. Let f:(X,Ty)—>(Y,0oy)be a
N oo * Hrresolute mapping from a
N ,oso*-compact  space  (X,Ty) onto a

N oso*-Top-Space (Y,op). Let {A:iel}be a
of (Y,ou)- Then
{f’l(A):iel} isa N, osa*-open cover of (X,Ty),
since N, gso*rresolute.  As (X, Ty )is
N oSa*-compact, the N gSa™-open
{f’l(A):iel} of (X,Ty) has a finite subcover

{f’l(A):i:l,Z,...,n}. Therefore X=Uin:lf_l(A).
Then f(X)=|J A, that is Y=J A. Then
{A,A,...A}is a finite subcover of {A:iel}for
(Y,oy). Hence Y isa N . gso* -compact space.

Definition 3.7. (X,Ty)
countably N gsoe*-compact if every

N g0 * -open cover

f is

cover

A N, -Top-Space is
countable
N ,oso* -open cover of (X Ty ) has a finite subcover.
Definition 3.8. A N, -Top-Space (X, T, ) is said to
be

N oo™ -Hausdorff if whenever X, and

B.r)
Yirsr) A€ distinct points of (X Ty ), there exist disjoint

N oS0 > -open A and B of X
Xapy) € A and Yirsy) € B.

Theorem 3.9. Let (X,T,) be a
and (Y,o) be a N oso*-Hausdorff space. If

sets such that

N, —Top -Space
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f:(X,Ty)—=>(Y.oy) is N, oso*rresolute injective
mapping, then (X, T ) is N, gso* -Hausdorff.

Proof. Let x be any two distinct

@py @D Y

r,s,t)

neutrosophic points of (X, T, ). Then f(x(am)) and

f(y(r,s,t)) are distinct neutrosophic points of (Y,oy),

f (Y,on)
N 080 * -Hausdorff, there  are disjoint
N oso*-open sets G and H in (Y,o) containing

because is injective.  Since is

f(x(am)) and f(y(rvs‘t)) respectively. Since f s
N, osa*rresolute and GNH =¢, we have f(G)

and f7(H) are disjoint N, gso*-open sets in
(X,Ty)  such that  x,, ef?(G) and
Yisn €T (H). Hence (X,Ty) is
N ,,o8a* -Hausdorff.

Theorem 3.10. If f:(X,Ty)—>(Y,oy)is
N ,oSa*Hrresolute and  bijective and if X s

N ,oso*-compact and Y is N, oSa*-Hausdorff,

then f isa N, gsa*-homeomorphism.

Proof. We have to show that the inverse function g of
f is N, oS> -rresolute. For this we show that if A is

N, osa*-open in (X,Ty) then the pre-image g~ (A)

is Ngosa*-open in (Y,oy). Since the
N ,osc*-open (or N, gso* —closed) sets are just the
complements of

N, osa* ~closed (resp. N ,,gso*-open) subsets, and
g (X-A)=Y-g7(A). We that  the
N . o8 * rresolute mapping of g is equivalent to: if
B is N,gosa*-closed in (X,T,) then the pre-image

S€C

g’l(B) is N, osoe*=closed in Y. To prove this, let B
be a N ,oSa*-closed subset of X. Since g is the
inverse of f, we have g™(B)= f(B), hence we have
to show that f(B) isa N ,gso*=closed set in Y. By
theorem 3.4, B is N osox™*-compact. By Theorem 3.6,
implies that f(B) is N . gso*-copmpact. Since Y is
N 080 *-Hausdorff  space implies that f(B) is
N, o80*=closed in (Y, 0y ).

Definition 3.11. A N, -Top-Space (X,Ty) is said
to be N,osa*-Lindelof if

Space every
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N ,osoc*-open cover of (X,T,) has a countable

subcover.
Theorem 3.12. Every N . gSa*-compact space is a

N ., 08a* -Lindelof space.

Proof.Let (X,TN) be Let
{A:iel} bea N gso*-open cover of (X, T ). Then
{A:iel} has a finite subcover {A:i=12,.,n},
since (X,Ty) is neutrosophic N ,,gso* -copmpact.

N ., 980 * -compact.

Since every finite subcover is always a countable
subcover and therefore, {A :i=1.2,...,n} is countable

subcover of {A:iel} for (X,Ty).Hence (X,Ty)is
N ,,08a* -Lindelof space.
Theorem 3.13. The image of a N, gsa*-Lindelof

space under a N ,oSa*-rresolute mapping is
N ., o8a* -Lindelof.

Proof. Let f:(X,Ty)—>(Y,0y) be a
N ., oso * Hrresolute mapping from a
N ,oso*-Lindelof  space  (X,Ty) onto a
N, -Top-Space (Y,op). Let {A:iel} be

aneutrosophic N ,gsa*-open cover of (Y,oy ). Then
{f’l(A):ie I} is a
(X,Ty), since f is N, gso*rresolute. As (X, Ty)
is N ,osa*-Lindelof, the N gsa*-open
{f’l(A):i € I} of (X,Ty) has a countable subcover

N, oSa*-open cover of

cover

{f’l(A):i € IO} for some countable subset |, of I.

X=J._, f*(A)  which
f(X)=Y =LJiEI A, that is {A:iely}is a countable
subcover of {A:iel} for (Y,o). Hence (Y,o) is
N, gso* -Lindelof space.

Theorem 3.14. Let (X,Ty) be N gso*-Lindelof
Then

Therefore implies

and countably N . gso™-copmpact
(X,Ty)is N, g80* -copmpact.

Proof. Let {A:iel} be a N ,osa*-open cover of
(X,Ty). Since (X,Ty) is N, os0*-Lindelof space.
{Aiel}
{An :neN}. Therefore, {An :neN} is a countable

space.

Hence has a countable subcover

subcover of (X, T, )and {An ‘ne N} is a subfamily of
{A:iel} and so {An :neN} is a countable
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N g0 * -open
(X,Ty)
N g8 * copmpact, {An ‘ne N} has a finite subcover

cover of (X,Ty). Again since
is countably
{Ak k =1,2,...,n}. Therefore {Ak Kk =1,2,...,n} is a
finite subcover of {A:iel} for (X,Ty).Hence
(X,Ty)is N, g80* -copmpact space.
Theorem3.15. A N, -Top-Space (X, T, )is
N oso*-copmpactif and only if every basic
N, gsot* -open cover of (X, T, ) has a finite subcover.
Proof.Let (X,Ty) be N, osa*-copmpact. Then

every N, gso*-open cover of (X,Ty) has a finite
suppose that every basic
N 080 *-open cover of (X, Ty ) has a finite subcover

subcover. Conversely,

and let c={G,:1eA} be any N, gsor™-0open cover of
(X,Ty). If B={D,:aecA} is any N, gso*-open
base for (X,TN), then each G, is union of some
members of B and the totality of all such members of
B evidently a basic N ,,gsa*-open cover of (X,Ty).
By hypothesis this collection of members of B has a
finite subcover, {Da, =l 2,...,n}. For each D, in this
finite subcover, we can select a G, from C such that
D, =G, . It follows that the finite subcollection
{G;ﬁ i=12,.., n}, which arises in this way is a subcover

of c.Hence (X,Ty) is N oS0 * -copmpact.

IV. NEUTROSOPHIC GENERALIZED SEMI ALPHA
STAR CONNECTED SPACES

In this section we introduce and study the notions of

N ,,o8a* -connected spaces, N . gso*-separated sets,

N ,, —Super-gsa * -connected spaces,
N ,, —E xtrem ely -gso * -disconnected ~ spaces and
N ,, —Strongly —gso * -connected spaces in

N, —Top -Spaces.

Definition4.1. A N, -Top-Space (X,T,) is
N o8 * -disconnected if there exist
N, oso*-opensets A B in X, A=0,, B#0, such
that AUB=1, and ANB=0,. If (X,T,) is not
N ., o8 * -disconnected then it be

N, gsa * -connected.

is said to
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Theorem4.2. A N, -Top-Space (X,T) is
N 5o * —connected space if and only if there exists no
nonempty N ,csa*-opensets U and V in (X,Ty)
such that U =V °.
Proof.  Necessity:
N oS *-open  sets
U=0,,V=0, and U=V°,
N ,oso*—closed set. Since U =0,V =1, This
implies V is a proper N, -subset which is
both N, gsat*-open setand N, gsoc* —closed set in X.
Hence X isnota N, gso*-connected space. But this
is a contradiction to our hypothesis. Thus, there exist no
nonempty N, oSa*-open sets Uand V in X,such
that U =V °.
Sufficiency: Let U be both N, osa*-open and
N ,o8a*-closed set of X such that U #0,,U =#1,.

U and be

(X,Ty) such
Therefore  V® is a

Let
in

\ two

that

Now let V =U°. Then V isa N ,gsa*-open set and

V #1,. This implies U®=V=0,,which is a
contradiction to our hypothesis. Therefore X is
N, gSa* -connected space.

Theorem43. A N, -Top-Space (X,T,) s

N .08 * —connected space if and only if there do not
exist nonempty N, -subsets U and V in X such that

U=Vve, Vz[NeugSoc*CI(U)]Cand
U=[N,sa*Cl(V)]".

Proof. Necessity: Let U and V be two N, -subsets
of (X,T,) such that U =0,V =0, and U=VC,
V=[N, ma*Cl(U)]" and U=[n csa*Cl(V)].
since [, sc*CI(U)]" and [N, gsa*CI(V)] are
N ,oso*-open sets in X, so U and V are
N, csa*-open sets in X. This implies X is not a
N ., oS * —connected space, which is a contradiction.
Therefore, there exist no nonempty N, gSo ™ -open sets
U Vv X, that U=V,
V=[N, gsa*Cl(U)] and U =[n ,esa*Cl(V)]".
Sufficiency: Let U be both N ,gsa*-open and
N ,o8a*=closed set in X such that U #0,, U =#1,.

and in such

Now by taking V =U° we obtain a contradiction to our
hypothesis. Hence X is N ,,gso* -connected space.
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Theorem4.4. Let f:(X,T,)—>(Y,0y) be a
N ,oSo* -rresolure  surjection  and X be
N, gsa* -connected. Then Y is N ,,gSo* -connected.

Proof. Assume that Y is not N , oSo*-connected,
then there exist nonempty N, gso* -open sets U and V
in Y such that U UV =1,and UNV =0,. Since f is
mapping,  A=f"(U)=0,,
B=f"(V)=0,, which are N, gso*-open setsin X

N ,,oso * -rresolure

and fH(U)UFH(V)=f"(1)=1,, which implies
AUB=1,. Also f*U)Nf*(V)=1f"(0,)=0,,
which  implies ANB=0,. Thus, X s

N, oso* -disconnected, which is a contradiction to our
hypothesis. Hence Y is N ,gSo* -connected.
Definition45. Let A and B be

N ,, -subsets ina N, -Top-Space (X, T, ). Then A

nonempty

and B are said to be N, gso*-separated if
N 80 *CI(A)NB=ANN g5 *CI(B)=0,.
Remark4.6. Any two  disjoint  non-empty

N ,,08a* —closed sets are N oS * -separated.
Proof. Suppose A and B are disjoint non-empty
N ,,o8a * -closed sets. Then

N o800 *CI(A)NB=ANN ,os0*Cl(B)=ANB=0,.
This shows that A and B are N, gSo* -separated.
Theorem4.7. (i) Let A B be
N oS * -separated subsets of a N, -Top-Space
(X,Ty) and Cc A DcB. Then Cand D are also
N ,, o8 * -separated.

(ii) Let Aand B be both N, gso* -separated subsets
ofa N, -Top-Space (X,T,) and let H=ANB® and
G=BNA". Then H and
N ,, o8 * -separated.

Proof. (i) Let A and B be two N, gso*-separated

and two

Gare also

sets in N -Top-Space  (X,Ty).  Then
N 80 *CI(A)NB=0, = ANN ,csa*Cl(B). Since
CcA and Dc B, then
N 80 *CI(C) < N g5 *CI( A) and

N 080 *Cl(D) = N o500 *CI(B). This implies that,
N o850 *CI(C)ND < N s *CI(A)NB =0,
hence N 80 *CI(C)ND=0,.
N o0 *Cl(D)NCc N, osa*CI(B)NA=0, and

and
Similarly
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hence N ,,gsa*CI(D)(C =0,.Therefore C and D
are N, oS * -separated.

(i) Let A and B be both N, gsor™-open subsets of X.
Then A° and BS
H < BC,

N ,os0*Cl(H)<c N, gsa*Cl(B®)=B°
N g5 *CI(H)NB=0,. GcB, then
N, *CI(H)NG < N ,gsa*Cl(H) B =0,. Thus,
N 55 *ClI(H)NG =0,
N 55 *CI(G)NH =0, Hand G
N ,,oSo * -separated.

Theorem 4.8. Two N -subsets A and B of a
N, -Top-Space (X,T,) are N, oso™-separated if

are N gSo*-closed sets. Since
then

and )

Since

we  have Similarly,

Hence are

and only if there exist N , gsa™-opensets U and V in X
suchthat AcU, B<Vand ANV =0, and BNU =0,,.
Proof. Let A and B be N ,gSor™*-separated. Then
ANN ,s0*Cl(B)=0, =BNN ,csa*CI(A).  Take
V=(N,0*CI(A))” and U=(N,ga*CI(B)) .
Then Uand V are N ,gsox™*-open sets in X such that
AcU, BcV and AV =0, and BNU =0,,.
Conversely let U and V be N ,,gSa™-open sets such that

AcU, BcV and ANV =0, BNU =0,.Then
AcV®and BcU®and VC and  US  are
N, oso*closed.  This implies N, osa*Cl(A)c
N ,gs0*Cl(V¢)=V°® < B and

N 550 *Cl(B) S N, *CI(U®)=U° < A°. That is,
N ,osa*CI(A) = B N ,osa*CI(B)c A
Therefore

ANN ,os0*Cl(B)=0, =N ,,csa*CI(A)B. Hence
A and B are N gso™* -separated.

Theorem 4.9. Each two N ,gso™* -separated sets are
always disjoint.

Proof. Let A and B be N, gso*-separated. Then

ANN ,sa*Cl(B)=0, =N ,,gsa*Cl(A)B.
ANBc ANN ,csa*Cl(B)=0,.
ANB=0, and hence A and B are disjoint.
Theorem4.10. A N, -Top-Space (X,Ty)
N oo *-connected if and only if AUB =1, where
A and B are N, gsa* -separated sets.

and

Now,
Therefore

is
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Proof. Assume that (X,T,) is N ,gso*-connected
space. Suppose AUB=1,, where A and B are

N ., o8 * -separated sets. Then
N o800 *CI(A)NB=ANN s *CI(B)=0,. Since
AcN s *CI(A), we have
ANBc N s *ClI(A)NB=0,. Therefore

N ,osa*CI(A)cB°=A and
A® =B. A=N ,csa*Cl(A)
B=N,gsa*CI(B). Therefore A
N, osa*-closed sets and hence A=B® and B=A°
are disjoint N, gsa*-open sets. Thus A=0,, B=0,
such that AUB=1, and A(NB=0,, A and B are
N osa*-open  sets. That is X is not
N ,,gso* —connected, which is a contradictionto X isa
N, gsa* -connected space. Hence 1, is not the union
of any two N, gso* -separated sets.

Conversely, assume that 1, is not the union of any two
N oo *-separated  sets. Suppose X is not
N ,,o8a* —connected. Then AUB=1,, where A=0,,
B=0, such that ANB=1,, A and B are
N oS *-open setsin X. Since Ac B® and Bc A,
N ,osa*ClI(A)NB<=B°NB=0, and
ANN ,,osa*Cl(B)= ANA® =0,. Thatis A and B
are N, osa*-separated sets. This is a contradiction.
Therefore X is N ,,gso* -connected.

Definition 411. A N, -Top-Space (X,T) is
N ,, —Super-gsa *-disconnected if there exists a
-gsa* =N ,, —Regular-gsa*-open set A in X such
that A=0, and A#1,. A N, -Top-Spaces (X,Ty)
is called N, -Super-gsa*-connected if Xis not
N ,, —Super-gsa * -disconnected.

N eugSa*Cl(B)g
Hence and

and B are

Theorem 4.12. Let (X, Ty) be a
N, —Top-Space. Then following assertions are
equivalent:

(i) X'is N, =Super-gso* —connected.

(i) For each N, gsa*-open set U =0, in X,we
have N, osa*Cl(U)=1,.

(iii) For each N, gso*—closed set U =1, in X,we
have N, osa* Int(U)=0,.
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(iv) There do not exist N, ,gso*-open subsets U and
Vin (X,T,),suchthat U=0,, V=0, and U cV°.
(v) There do not exist N, oso*-open subsets U and
Vin  (X,Ty), that U=0,, V=0,
V =( ,g50*CI(U))" and U = (N o500 *CI (V)"
(vi) There do not exist N ,,gso*—closed subsets U and
Vooin (X, Ty), that U =1, V=1,
V =(N,gsa*Int(U ))c and U =(N eugSoc*Int(V))C.

(i) = (ii):

such

such

Assume that there exists a
N oS0 * -open set A=0, such that
N o800 *CI(A) =1, Now take
B=N,osa*Int[ N ,,gs0*CI(A)]. Then B is a proper
N, -Regular-gsa*-open set in X  which
contradicts that X is N, —Super-gsa*-connected.
Therefore N, gsa*CI( A) =1,

(ii)=(iii): Let A=1, bea N, os*—closedset in X.

Proof.

Then A° is N, gsa*-open set in X and A®=0,.

Hence by hypothesis, N ,gso*CI(A°)=1,, and so

N 080 *Cl (A7) =( ,q80* Int(A))” =1, This
implies that N, oso* Int( A)=0,.
(iii)=(iv): Let A and B be N, gso*-open sets in
X such that A=0, =B and AcB°. Since B° is
N ,oso*=closed set in X and B=0, implies
B® #1,,we obtain N gso*Int(B)=0,. But, from
AcBS,
Oy #A=N ,gsa* Int(A) S N, s * Int(B®) =0y, whi
ch is a contradiction.
(iv)=(i): Let 0y =A==l be
N, -Regular-gsa*-open set in X. Let
B=(N ,asa*Cl(A))°.

N ,oso*Int[ N g5 *Cl(B) ] =

Sj
nee N, gso* Int[N w38 *Cl(N eugSO(*Cl(A))CJ

=N eugSO(*lnt[N eug30<*lnt(N eugSO(*C'(A))]C =

N o5 Int(A%) =[N, 80 *CI(A)] =B

Also we get B==0,,since otherwise, we have B=0,

and this implies (N ,gsa*CI(A))” =0,. That implies
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N, g *Cl(A) =1y That shows that ¢ =[n,so*Int(D)]", which is a contradiction to
A=N ,oso* It N, g8 *CI(A) |=N , g5 * Int (1, ) =1, (V). Hence (vi)is true.

That is A:]‘N' which is a contradiction. Therefore (Vl):)(V) It can be easily proved by the similar way
B0, and Ac BC. But this is a contradiction to (iv). a5 in (V)= (i),

Therefore (X, Ty) IS Definition 4.13. A N ,, ~Top-Space (X,T,) is said

N, —Super -gso* ~connected space. to be N, -Extrem ely-gsa*—disconnected if the

(i)=(v): Let A and B be N,gsa*-open sets in N _coso*-closureof every N oso*-Open set  in

(X, Ty) such that  (X,T,) is N ,osa™-open setin X.

A#0, =B, B=[N eugSa*CI(A)]C, Theorem 4.14. Let (X,T,) be a N, -Top-Space.
c Then the following statements are equivalent.

A=[N ,os0*CI(B)] . Now

(i) Xis N, —E xtrem ely —gso * -disconnected space.

N o, g8 * INt[ N, g8 *CI(A) ] =N, gsar* Int(BC ) =[ eu%ﬁf@bf@é&% Ay gso*—closed set A, N, gso* Int(A)
A=0, and A=1l,, since if A=1l,, then is N, gsa*-closed set.

1, =[N eugSO(*Cl(B)]C. This implies (i) For  each N ¢, GS0r* -open set A,

N80 *CI(B)=0,. But B=0,.Therefore A=1, NeugSO(*C|(A)=[NeugSO(*C|(NeugSO(*C|(A))C:|C.

implies that A i - - * . .
mplies that A Is proper I o, =R egular ~gsa™-open set (iv) For each N ,ogso*-open sets A and B with

in (X, Ty ), which is a contradiction to (i). Hence (V) is N 500+l (A) =B

true.
(v)=(i): Let A be N, ~Regular-gsa*-open setin N s *Cl(A)= [NeugSO(*C|(B):|C.
(X, Ty) such that ~ Proof. (i)=(ii): Let A be any N, oso*—closed set

A=N ,so*Int[ N ,os0*CI(A)Jand 0y = A=l in (X,Ty). Then A® is N ,gso*-open set. So (i)

. . c .
Now take B=[N eugSoc*Cl(A):lc. In this case we get implies that NeUQSO(*d(AC):[N wasa*Int(A)]" s
B#0, and B is N, -Regular-gsa*-open set in N ,gsa*-open set. Thus N ogso*Int(A) s

(X, Ty)- B=[n ,csa*Cl(A)] and N ,oso*—closed setin (X,T,).

[N gSoz*CI(B)T _ (ii)=(iii): Let A be N ,osa*-open set. Then we have
eu . c

[N s *Cl(x eugSa*CI(A))CT _ [N eugsa*Cl(N eugSo(*C|(A)) } =

N 8™ Int[(N EUQSO(*Cl(A))C T N gsa* Int[(N eugSo["l\Id’ngj(ﬂCI(N OS> Int(AC ))T Since A s

N . gSo*-open set. Then A%is N gso* —closed set. So,
= A But this is a contradiction. Therefore (X,TN) is a® P awP

by (ii) N . osa*Int(A°) is N _ cso*—closed set. That is
N ,, —Super-gsa* -connected space. y (i) N o8 ( ) o

(V)= (vi): Let A and B be two Neugsa*d[NeugSO‘*mt(Ac)]:Neugso‘*lm(AC)'
N ,, ~Regular-gso*—closed sets in (X,T, ) such that ~Hence we obtain

C
A#1, #B, B=[n s Int(A)]", [Neugsa*c'(Neugsa*Cl(A))c} =

A=[N ,cso*Int(B)] . Take C=A° and D=B°, C [Neugsa*Cl(NeugSa*lnt(Ac))T=
and D become N, -Regular—gsa*-open sets in

N gsa*Int(AC)] =
(X,TN) with C =0, =D, Dz[NeugSo(*Int(C):lc, [ e P n( )] -
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N o800 *Cl(A) which that

C
NeugSO(*CI(A)z[NeugSO(*CI(NeUgSO(*CI(A))CJ .
(iii)=(iv): LetA and B be any two N ,,gSo*-open
sets in (X,Ty)such that N, gso*Cl(A)=B°. Then
(iii)= N g8 *Cl(A) =

[N 5o *Cl (X eugSa*CI(A))CT

implies

:[N wasa*Cl(B°)’ T =[w  osa*CI(B)]".

(iv)=(i):

Let A be any N gsa*-open set in

(X,T,). Let B=[w,csa*Cl(A)]".  Then
N ,osa*CI(A)=B°. Then (iv) implies
N, o8 *Cl(A)=[ N eugSoc*CI(B)]C. Since

N o850 *CI(B) is N ,oso*—closed set, this implies
that N ,osa*Cl(A) is N ,osa*-open set. This
implies that (X, Ty) is
N, —E xtrem ely —gsa* -disconnected space.
Definition 415. A N, -Top-Space. (X,Ty) is
N ., —Strongly —gso* -connected, if there does not
exist any nonempty N, ogsa*—closed sets A and B in
X such that AN B=0,.
Theorem 4.16. Let
N oS * -rresolute  surjection
N ,, —Strongly —gsa * -connected space.
N ,, —Strongly —gso * -connected.

Proof. Assume that Y is not
N ., —Strongly —gso* -connected, then there exist

nonempty N, oSa*—closedsets Uand V in Y such
that U=0,,V=0,, and UV =0, Since f s
mapping,  A=f7(U)=0,,
B=f"(V)=0,, which are N ,oso*~closed sets in

f:(X,Ty)—>(Y,ou) be a
and X be a
Then Y is

N ., o8 * —rresolute

X and fHU)NEFT(V)=17(0,)=0,, which
implies ANB=0,. Thus, X is  not
N ,, —Strongly —gso * -connected, which is a
N, —Strongly -gsa*-connected.  Hence Y is

contradiction to our hypothesis.
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V. NEUTROSOPHIC GENERALIZED SEMI ALPHA
STAR REGULAR SPACES

In this section, we define N . osa* -R egular spaces and
Strongly =N ,, s *-Regular ~ spaces by  using
N ,cso*-open sets and N, gso*—closed sets in
N, —Top -Spaces. We study their basic properties and
characterizations.

Definition 5.1. A N, -Top-Space (X,z) is said to
be N, osa*-Regular if for each N, gsa*—closed set

A and a neutrosophic point x(am)eA, there exist

disjoint N ,ogso*-open sets U and V such that
AcU, Xapr) eV.

Theorem 5.2. Let (X,z,) be a N, -Top-Space.
Then the following statements are equivalent:

(i) Xis N ,,os0*-R egular.

45 €X and every N gsor*-open

(i) For every Xa,
set G  containing Xapy)
N, gSor* -open set Y

X, EU SN WS *Cl(U) cG.

exists a
that

there
such

(iii) For every N, gsor*—closed set F, the intersection
of all N, oso*~closed N ,,gso* -neighbourhoods of
Fis exactly F.

(iv) For any neutrosophic set A and a N ,,gSor*-open set
B such that A(1B=0,, there exists a N ,,gSot * -open set
U suchthat ANU =0, and N ,,gsa*CI(U) < B.

(v) For every non-empty neutrosophic set A and
N . o8a*—closed set B such that A(1B=0,, there exist
disjoint N oS ™ -open Uand V that
ANU =0, and BcV.

Proof. (i)=(ii): Suppose X is N, gso*-Regular.

Let x,,,€X and let G be a N ,gso*-open set

containing X, , .

N oS * —closed. Since X is N ,,o8a*-R egular, there
exist N,osa*-open sets U and V such that

UMV =0, and x,, €U, G® V. It follows that

(a.8
UcV®cG and hence
N0 *Cl(U)S N ,gsa*CI(V®)=V® =G. That is

sets such

Then x,,,2G° and GCis

X p,) EUCSN WS *Cl(U) cG.
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ii)=(iii);: Let F be any N a*-closed set and
(ii) = (iii) y N 08

Xewpp &F- Then F© s and

eF°. By

*
e N ,,gsoc* -open
exists a
that

Thus

Xap7) assumption,  there

N, os0 ™ -open set U
€U N, gsa*Cl(U)cFC.

such

X(avﬂyy

Fg(NeugSO(*CI(U))CgUC. Now uc is
N s *=closed and N gso* -neighbourhood of F

which does not contain X, ., So, we get the

intersection of all
N o500 * =closed N, aso* -neighbourhoods of F to be
exactly equal to F.

(iii)=(iv):  Suppose
N oso*-open set. Let x,

ANB=#0, and B is

M)eAﬂB. Since B is

N, gsa*-open, B¢ s and

¢B®. By

N ., o500 * —closed

“h7) (iii),
N ,osa*—closed, N gsa*-neighbourhood V of B®
such that Xy EV- Now for the

X using there exists a

N ., os0* neighbourhood V of B®, there exists a
N, cosa*-open set G such that B cGcV. Take
U=V° Thus U isa N _gsa*-open set containing
X )" Also ANU =0, and
N ,osa*Cl(U) =G = B.

(iv)=(v): Suppose A is a non-empty set and B is a
N o8 * —closed set such that ANB=0,. Then B® is
N, osa*-open set and ANB®=0,. By our
assumption, there exists a N, gsae*-open U such that
ANU =0, and N, osa*Cl(U)cB°.  Take
V =(x s *Cl(U)) . N, gsa*Cl(U) s
N csa*—closed, V is N, gsa*-open. Also BcV
and

UNV N ,g50*Cl(U)N(N , g0 *Cl(U))° =0,
(v)=(i): Let S be
X5y €S- Then Sﬂ{x(aﬁyy)}:ON. By (v), there exist
N ., 050 * -open Uand Vsuch that
U ﬂ{x(aﬂyy)};tON and ScV. Thatis U and V are

Since

N s *~closed set and

disjoint sets
disjoint N oS> -open sets containing X pr) and S
respectively.  This (X,zy) s
N ,,08a* -R egular.

proves that
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Corollary 53. Let (X,7r,)be a N, -Top-Space.
Then the following statements are equivalent:
(i) Xis N, os0*-R egular.

(ii) For every x,,,eX and every N gso*-open

B

set G containing X, , . there exists a N, gso*-open

ceUcN eugSo<*C|(U)gG.

B

set U suchthat X, ;

(iii) For every N, oso*—closed F, the intersection of

all neutrosophic closed, neutrosophic neighbourhoods of
F is exactly F.

(iv) For any neutrosophic set A and a neutrosophic
open setB such that ANB=0,,there exists a
N, oso*-open set U such that ANU =0, and
N o800 *Cl(U) = B.

(v)For every non-empty neutrosophic set A and a
neutrosophic closed set B such that A(1B=0,,there
exist disjoint N, gsa*-open sets U and V such that
ANU =0, and BcV.

Proof. Since every neutrosophic open set is
N ,,oso* -open and follows from Theorem 5.2.

Theorem54. A N -Top-Space (X,zy) is

N, osa*-R egular if and only if every Xopy) € X and

every N, oso*-neighbourhood N containing X,
set V

a.p.y)?

there exists a N gso™*-open such that

X p.r) eV c N oso*Cl (V)g N.
Proof. Let X bea N _,gSa*-Regular space. Let N be
any N ,oso*-neighbourhood  of X, , .. Then there

exists a N ,, s -open set G such that x, , ) €G<N.

Since G® is N, gso*~closed set and X ) ¢G®, by

definition there exist N osoc*-opensets U and V such

G°cU and Xopy €V and U AV =0, so that
V cU°€. It follows that
N g0 *Cl(V) S N, gsa*ClH(U®)=U°. Also
G cU implies U cGcN. Hence
Xap.r) eV c N osa*Cl (V)g N. Conversely, suppose
forevery X, , € X and every N oS * -neighbourhood

N containing X, , . thereexistsa N . gso ™ -open set V
such that X, €V N wBSa*CI(V)c N. Let F be
any N, gsa*-closed set and x,,,&F. Then

X

(aﬁ‘y)ch. Since F® is N ,gso*-open set, FCis
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neutrosophic semi - —neighbourhood containing Xapr):

By hypothesis there exists a N ,,gsoc* -open set V such that

Xapp €V and N ,osa*CI(V)c FC. This implies that

F (N ,aa*Cl(V)).
N ., gso ™ -open set
V(N esa*ClH(V)) =0,
N s * R egular.
Theorem55. A

Then (NeugSO(*Cl(V))C is a

containing F. Also
Hence  (X,zy) s

N, -Top-Space (X,zy) is

N osa*-Regular if and only if for each
N, gso*~closed set Fof X and each X,  €F,
there exist N, gsac*-open sets U and V of X such that

Xapr) elU and FcV and

N 050 *Cl(U)NN ,,g8a*Cl(V) =0,
Proof. Suppose (X,7) is N ,osa*-Regular. Let F

be a N gsa*~closed set in X and X, , ,&F. Then

) and V such that
NV =0,.

there exist N ., gSox™-open sets UX( ,

X eU )
(a.B7) Xapy)' F gv and Xa p7)

implies  that U( )ﬂNEUQSQ*CI(V):ON.
Xa.py)

This
Also

N,so*CI(V) is a N, oso*=closed set and
(aﬂy)eNeugSoc*Cl( )- (X,zy) is

N . o8a*-R egular, there exist N, gso*-open sets G
and H of X suchthat X, , €G, N w3 *Cl(V)c H
and GV =0,. This implies N ,os0*CI(G)NH <
N, *CI(HS)NH = H°NH =0,. Take U=G,
Now U and V are N gsx*-open sets in X such that
el and FcVv. Also

Since

Xa.p7)

N 80 *Cl(U)NN s *Cl(V ) = N g5 *CI(G)NH = 0

Conversely, suppose for each N gso*—closed set

C

Fof X and wpy) EF

N osa*-open sets U and V of X

X p) eU and FcV

N 80 *CI(U)NN g5 *Cl (V) =0y

UNV N, osa*CHU)NN g0 *CI(V)=0,.

Therefore U NV =0,.
N s * -R egular.

there  exist

such that
and

each X

Now

This proves that (X,z,) is
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Theorem 5.6. Let f:(X,z,)—>(Y,o,) be a bijective
function. If f is N, gso*rresolute, N, oS> -open
and Xis N_,oso*-Regular, then Y is
N ,,08a* -R egular.

Proof. Suppose (X,zy) is N, gsa*-Regular. Let S

be any N ,,osa*-closed set in Y such that y . &S.

(r.t.s)

- . - ,1 .
Since fis N, o80* rresolute, f7(S) is
oS *=closed set in X. Since f is onto, there exists

y€X  such that 'y, = f (X(a,ﬂ,y))'

a,B.y) & f‘l(S)

Since X s woSa*-Regular,  there
woSa*-open sets U and V in X such that
yeu, f*(S)cV and UNV =0,.

X pr) f(x(aﬁyy))e f(U) and
f7(S)cV implies that Sc (V). Also UNV =0,
implies that f(UNV)=0, which that
f(U)Nf(V)=0,. is a N, gso*-open
mapping,  f(U) f(V) are
N, gSor*-0pen sets in Y containing Y,

(a 5.7) Now

f(x(a,ﬁxr)) y”SeS implies  that X

exist

(a 57) Now

eU implies  that

implies
Since f
and disjoint
and S

I’ t, S
respectively. Thus Y is N, gSo* -R egular.

Theorem 5.7. Let (X,7,) be a N, gso*-Regular
space. Then
(i) Every N, gso*-openset in Xis a union of

N o8 * —closed sets.

(ii) Every N, oso*—closedset in X is an intersection of
N, gSa * -0pen sets.

Proof. (i) Suppose X is N, oso* R egular. Let G bea
€G. Then F=G° is
apy) & F.
N ., 08a*-R egular, there exist disjoint N , gSo™ -open

and x(a’ .7)

N gsa*~closed set and X

(, OS0* -0pen  set

Since X is

sets wa ) and V in X such that X, , EUX(a,/}.y) and
FcV. Since U NFcU NV =0,, we have
Xa.8.7) Xa.8.7)
C — *
U,,, €F =6 Take V=N ,0 CI(UXWM).
Then Vi, 18 N o5 *—closed  set and
VX( » NV =0,. Now FcV implies that
a.py
V&am Nk gv)w‘y) NV =0,. It follows that
¢ _ .
X y) eVXW” cF* =G. This proves that
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G:U{V is a union of

s X eG}. Thus G

(a.8.7)
N o5 * —closed  sets.

theoretic properties.
Theorem5.8. Let f:(X,zy)—>(Y,0n) be a

N ,,o8a* =continuous and neutrosophic closed injection
froma N, -Top-Space (X,z,) into a neutrosophic

(i) Follows from (i) and set

regular space (Y,oy). If every N, oso*—closed set in

X is  neutrosophic  closed, then X is
N s * R egular.
Proof. Let Xuppy€X and A be a

N gso* ~closed set in X such that x, , , & A Then by
assumption, A is neutrosophic closed in X. Since f is
neutrosophic closed, f(A) is a neutrosophic closed set
in Ysuch that f(x(avm))e f(A). Y is

neutrosophic regular, there exist disjoint neutrosophic
open sets G and H in Y such that f(x(am))eG and

Since

f (A)cH. Since fis N, gso*—continuous, f*(G)
and f*(H) are disjoint N, oso*-open sets in X

containing X, and A respectively. Hence X is

a,p.y)

N ,,08a* -R egular.
Theorem5.9. Let f:(X,zy)—>(Y,0y) be a
neutrosophic continuous, N ,gSo* -open bijection of a

neutrosophic regular space X into a neutrosophic space
Yand if every N, osa*-closedset in Y s

neutrosophic closed, then Y is N, gsoc* -R egular.
Proof. Let y,,, €Y and B bea N gso*~closed set

r,t,s

in Y such that y, . ¢B. Since f is a bijection. So

there exists a unique point e X such that

)
f(x(a,ﬁ,y)):y(r,t,s)' Then Dby assumption, B s
neutrosophic closed in Y. Since f
continuous bijection, f(B) is a neutrosophic closed

is a neutrosophic

set in X such that x,, ef7(B). Since Xis
neutrosophic regular, there exist disjoint neutrosophic
open sets G and H in Xsuch that X, , ,€G and
f*(B)cH. Since f is N, gso*-open, f(G) and
f(H) are disjoint N, gsor*-open sets in Y such that
f(x(a’ﬁ’y))z Yieis) € f(G) and B< f(H). Hence Y is

N o5 * -R egular.
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Definition 5.10. A N, -Top-Space (X,z,) is said
to be strongly N, osa*-Regular if for each

N gsa*~closed set A and a point X, , ¢ A, there

exist disjoint neutrosophic open sets U and V such that

AcU and X(a’ﬁ’y)ev.

Proposition 5.11. (i)Every strongly
N oS0 * -R egular space is N , gsor* -R egular.

(ii) Every strongly N, csoc* -R egular space is strongly
neutrosophic regular.

Proof. (i) Suppose (X,zy) is
N ,osa*-Regular. Let Fbea N, gsa*-closed set and
¢F. Since X is strongly N osa*-Regular,

strongly

X
(a.B7)
there exist disjoint neutrosophic open sets U and V such

that x,,,€U and FcV.Since every neutrosophic
open set is N,_gsoa*-open, so Uand Vare
N oSa*-opensets.  This  implies that  Xis

N ,,08a* -R egular.

(ii) This can be proved similarly as (i).

Definition 5.12. A N, -~Top -Space ( X,z )is said to
be strongly* N _,oso*-Regular. if for each
neutrosophic closed set A and a point Xepr) & A, there

exist disjoint N, gsoc*-opensets U and V such that

AcU, X(avm) eV.
Proposition 5.13. Every
N ,os0*-Regular N, ~Top -Space (X,7y ) is

strongly* N, oS * -R egular.

Proof. Suppose (X,z,) is N,oso*-Regular. Let
F be a neutrosophic closed setand x, , ,¢F. Then F
is N ,osa*~closed. Since X is N, osa*-Regular,
there exist disjoint N, gSac*-open sets U and V such
that X pr) eUand FcV. This implies that Xis
strongly* N, gso* R egular.

Theorem 5.14. Let( X,z ) bea N, —Top -Space. Then

the following statements are equivalent:
(i) X is strongly N, osoc* R egular.

(ii) For every x,, eXand every N oso*-open

Vg

set G containing X ) there exists a neutrosophic

openset U such that x,, , , €U <N ,CI(U)cG.

(iii) For every N, gso*—closed set F, the intersection

of all neutrosophic closed, neutrosophic neighborhoods
of Fisexactly F.
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(iv) For any neutrosophic set A and a N ,,gso* -open
set B such that AN B=0,,there exists a neutrosophic
open set U such that ANU =0, and N ,,CI(U)<B.

(v)For every non-empty neutrosophic set A and

N ,oso*—closed set B such that ANB=0,,there

exist disjoint neutrosophic open sets U and V such that
ANU =0yand BcV.

(i)=(ii): Suppose X strongly
N, osa*-Regular. Let x, . eX and let G be a
Then

Proof. is

N ,oso*-open  set  containing X

(a.B.7)"

Xap,) £G° and G© is N, gso*~closed. Since X is

N o5 *-R egular, there exist neutrosophic open sets

U and V such that UMV =0, and x,,6 €U,
G cV. It follows that UcV® <G and hence
N,Cl(U)cN ,CI(VE)=V°cG.

That is
eUcnN,ClU)cG.

X
(a.8.7)

(ii)=(iii): Let F be a N, oso*~closed set and
X s €F- Then Fis N gsa*-open set and
X o) € FC. By assumption, there exists a neutrosophic

open set Usuch that x,,,eUcN,Cl(U)cF".

Thus  Fc(N,CI(U)) cU®. uc s
neutrosophic closed, neutrosophic neighborhood of

F which does not contain x, , . So, the intersection of

all neutrosophic closed, neutrosophic neighborhoods of
F is exactly F.

Now

(iii)=(iv): Suppose ~ANB=0, and B is
N, osa*-openset. Let x,,  e€AfB. Since B is
N, osa*-open, B® is N gsa*—closed and

X pr) & B. By using (iii), there exists a neutrosophic

closed, neutrosophic neighborhood V of B® such that

X pr) V. Now for the neutrosophic neighbourhood

such
is a
Also

V of B¢, there exists a neutrosophic open set G
that B <cGcV. Take U=V°® Thus U
neutrosophic open set containing X
ANU =0, and N ,CI(U)cG® cB.

(iv)=(v): Suppose A is a non-empty set and B is

(a.p.7)"

N, osa*—closed set such that A(1B=0,. Then B® is
N, oso*-open set and A(B® #0,. By our assumption,
there exists a neutrosophic open set U such that AU =0,
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and N ,CI(U)cB°. Take V=(n,ClU)).
N ,Cl (U) is neutrosophic closed, V is neutrosophic open.
Also BcV and
UNv en ,ClU)N(x,ClU)) =0,

(v)=(i): S be
J€S. Then S ﬂ{x(aﬁvy)} =0,. By (V),there exist

disjoint neutrosophic open sets Uand V such that
Uﬂ{x(a’m)};tON and ScV. That is Uand V are

and S

Since

Let N ,o8a*—closed set and
X(avﬂv;f

disjoint neutrosophic open sets containing Xap)

respectively. — This that (X,zy)is
N ,,gso* R egular.
Theorem 5.15.

N s * -R egular if

proves strongly

is
each

A N -Top-Space. (X,z)
and only if for

N, osa*—closed set Fof X and each X(a‘m)eFC,
there exist neutrosophic open sets U and V of X such

that X p) € U and FcV and
N, Cl(U)NN CI(V)=0,.
Proof.  Suppose (X,7y) is  strongly

N ,csoc*-Regular. Let F bea N, osa*—closed set in
X and ) & F. Then there exist neutrosophic open

FcV
that

B

sets U Kesm

u

X

and V such that X
. NV =0,.
AN euCI(V)=ON.

)eUX( ,

apy @p)

This
Also

and

U

implies

Cl(v i
(Xe) N,ClI(V) is a

neutrosophic closed setand X, , &N ,CI(V). Since

By)
(X,7y) is strongly N, csa*-Regular, there exist
neutrosophic open sets G and H of X such that
Xepn €G N CI(V)cH and GNV =0, This
implies

N, Cl(G)NH <N ,CI(H)NH =H°NH =0,
Take U =G. Now U and V are neutrosophic open sets
in X such that X eU and FcV. Also

(@.8.7)
N, Cl(U)NN . CI(V)eN CI(G)NH =0,.  Thus
N, Cl(U)NN CI(V)=0,.

Conversely, suppose for each N gso*-closed set F of

a.py

X and each X(a, e FC, there exist neutrosophic open sets

B7)

U and V of X such that X(aﬁ‘y)eU and Fc<V and

N, Cl(U)NN CI(V)=0,. Now
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unven,ClU)Nn,CI(V)=0,.

UNV =0,. This proves that (X,z,) s
N ,,08a* -R egular.

Theorem5.16. A N, -Top-Space. (X,z,) is
strongly N osa*-Regular if and only if every pair

consisting of a neutrosophic compact set and a disjoint
N ., o8a* —closed set can be separated by neutrosophic
open sets.

Proof. Let (X,7,)be strongly N, gso*-Regular and

let A be a neutrosophic compact set, and B be a
N s * —closed set such that A(1B=0,. Since X is

strongly N, ,oso*-R egular, for each X py) € A, there

Therefore

strongly

exist disjoint neutrosophic open sets U, and

VYWM such that x(aﬁ'y)eU%M, Bgvx(mm Obviously,

(@)

{Ux( o Xapy) € A} is a neutrosophic open covering of

A. Since A is neutrosophic compact, there exists a

finite set F < A such that AQU{UXW/M) X € F} and

BNV, Kap €FJ PUt U=U[U eF)

Xa.p.7) : X(Otvﬁ,y)

and V= ﬂ{V X
Xapr)

WJ)EF}. Then Uand Vare

Unv =0,.
eUrst for

neutrosophic open sets in X. Also
Otherwise, if X, eUNV, then X(o

eV cV (rst)"
Wthh is a contradiction to
U and
containing A

(e.B8.7) By

some X, €F and x, Th1s implies

t)

that X(ap, )eUX( ﬂV)Y o

=¢. Thus
open

By

U,w Vi Vare disjoint
neutrosophic
B respectively.
Conversely, suppose every pair consisting of a
neutrosophic ~ compact set and a  disjoint

N s *—closed set can be separated by neutrosophic
open sets. Let Fbe a N, osa*-closed set and

¢F. Then {x(a,m

}ﬂF =0,. By our assumption, there

sets and

Xap) } is neutrosophic compact set

of X and {X<a,m>

exist disjoint neutrosophic open sets U and V such that

X py) €Y and F cV. This proves that X is strongly

eugSo< -R egular.
Corollary 5.17. If X is a strongly N . oso*-R egular
space, Ais a neutrosophic compact subset of X and B is
a N ,oso*-open set containing A, then there exists a
such that

neutrosophic  regular open set V

AcV gNeuC|(V)g B
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Proof. Let X be strongly N, gsoc*-Regular and let
A be a neutrosophic compact set, and B be
N, osa*-openset with AcB. Then B® s

N o8 * —closed set such that B N A=0,. Since X isa
strongly N, gSa*-Regular space, then there exist disjoint
neutrosophic open sets G and H such that Ac G and

BScH. Take V=N,Int[N,CI(G)]. Then
N,CI(V)=N,CI[§

N ,Cl(G). Since G is a neutrosophic open set and

GceN,CI(G), we have G=N,Int(G)c
N, Int[ N ,CI(G)]=V. This  implies  that
N ,Cl(G)= N CI(V). It follows that
N, Cl(V)=N,CI(G) and

N Int[ N, ClI(V)]=N ,Int[N ,CI(G)] =V. Thus
Vis neutrosophic regular open. Now
ACG=N,Int(G)c N, Int[ (N ,,CI(G))]=V. This
implies that AcV and
N,ClI(V)=N,CI(G)cH B implies that

AcV cN euCI(V)g B
Theorem 5.18. Let f:(X,7y)
function. If f is N, ,gsox* —rresolute, neutrosophic open

—(Y,oy) be a bijective

and Xis strongly N, oSa*-Regular, then Y is
strongly N ,,oso* -R egular.
Proof. Suppose (X,7y) is strongly

N ,osa*-Regular. Let S be a N, gsa*~Closed set in
Y such that y,  ¢S. Since fis N, gso*-rresolute,
f7(S) is N, oso*~closed set in X. Since f is onto,

there exists X, , ,€X such that y, = f(X(a,ﬁ,;/))'

e £7(S).
Since X is strongly N, oso*-Regular. there exist

neutrosophic open sets U and V in X such that
eU f’l(S)gV and UV =0,.

Xap.r)

(@57) f (X(a’m))e f(U) and
f*(S)cVv that Sc (V). Also
U NV =0, implies that f(UNV)=0, which implies
that f(U)Nf(V)=0,.
mapping, f (U ) and

Now f (X(a,ﬂ,y)): Yires) €S implies that X, ,

Now

X eU implies  that

implies

is a neutrosophic
f(V)are

Since f

open disjoint

W Int(N,Cl (G))] N ,CI[N,CI(G)]=
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neutrosophic open sets in Y containing Yires) and S

r,t,s

respectively. Thus Y is strongly N ,,gso™* -R egular.

VI. NEUTROSOPHIC GENERALIZED SEMI ALPHA
STAR NORMAL SPACES
In this section, we introduce N ., oSo*-Normal and

strongly N, gsoc* -Normal
properties and characteristics.
Definition 6.1. A N, ~Top-Space (X, T, ) is said to
be N,_oso*-Normal if for any two disjoint
N ,oso*—closed sets A and B, there exist disjoint
N, oso*-open sets Uand V such that AcU and
BcV.

Theorem 6.2. Let (X, Ty) be a
N, —Top -Space. Then the following statements are
equivalent:

(a) X is N, gs0* -Normal.

spaces and study their

(b) For every N, gsoc*—closed set A in X and every
N ,oso*-open set U containing A, there exists a
N ,cso*-open set V containing A such that
N o800 *Cl(V)cU.

(c)For each pair of disjoint N, gso*—closed sets A
and B in X, there exists a N ,oso*-openset U
containing A such that N ,,gsa*CI(U )N B =0,.

(d) For each pair of disjoint N, ogsor*—closed sets A
and B in X, there exist N . gsoc*-open sets U and V
containingg A and B respectively such that
N 80 *CI(U)NN g5 *Cl (V) =0,

Proof. (a)=(b):
containing the N _,gso* ~closed set A. Then B=U° is
a N,osa*-closed set disjoint from A. Since X is
N ,,o8a*-Normal, there exist disjoint N, gso™ -open
sets V and W containing A and B respectively. Then
N s *Cl(V) is disjoint from B. Since if y, €B,
eB

Let U be a N ,gso*-open set

rt,s)

the set W isa N ,,gsor ™ -open set containing y,

)
disjoint from V. Hence N ,,gsa*CI(V)cU.
(b)=(c): Let A and B be disjoint N, gsor* ~closed
sets in X. Then Bisa N, gso*-open set containing
A By (b), there exists a N ,osa*-open set U
containing A that N ,gsa*Cl(U)< B
Hence N ,gso *CI(U ) B =0,,. This proves (c).

such
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(c)=(d): Let Aand B be disjoint N, gsor* ~closed
sets X. Then by (c), there a
N ,oso*-openset U containing A such that
N o0 *CIH(U)NB=0,. Since N ,osa*Cl(U) is
N s *<closed, B and N, gsa*Cl(U) are disjoint

in exists

N os0*—closed sets in X. Again by (c), there exists
a N,_gsa*-open set V containing B such that
N 08 *ClI(U)NN ,,g8a*Cl(V)=0,. This
(d).

d)=(a): Let A and B be disjoint N _ gsx* —closed
(d)=(a) j "

proves

sets in X. By (d), there exist N, ,gso*-open sets U
and V containing A and B respectively such that
N o osa*CH(U)NN , gsa *Cl(V ) =0,
UNV cN,esa*CU)NN gsa*CI(V), U and V
are disjoint N ,,gso*-open sets containing A and B
respectively. Hence the result of (a) follows.
Theorem63. A N, -Top-Space (X,Ty)
N ,osa*-Normal  if if for every
N, oso*=closed set F and N ,gso*-open set W
containing F, there exists a N ,gsax*-open set U
such that FcU c N ,gsa*Cl (U ) cW.

Proof. Let (X,Ty) be N osa*-Normal. Let F be a
N s * —closed set and let W be a N ,,gso* -Open set

containing F. Then F and WS are disjoint
N o o8a*=closed sets. Since X is N, gsa™*-Normal,

there exist disjoint N ,,gSa*-open sets U and V such
that F U and W€ V. Thus F cU <V°® cW. Since
Ve N, osa* —closed,

N, so*Cl(U)c N eugSO(*CI(VC):VC cW.
FcUcN eugSoF"CI(U)gW.

Conversely, suppose the condition holds. Let G and H
be two disjoint N ., gsot* —closed sets in X. Then H€ is
a N ,osa*-openset containing G. By assumption,
N, oSa* -open U such that
GcU gNeugSa*Cl(U)gHC. Since U
N ,,g5a* -open N osa*Cl(U)
(N asa*Cl(U))
N, osoc*-open. Now N, gsa*CI(U)c=HE implies
H < (N, ssa*Cl(U))°.

Since

is

and only

1S SO

Thus

there exists a set

is
and is

N s *—closed.  Then is

that Also
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U ﬂ(N 8o *Cl(U ))C N, o80*Cl (U)ﬂ(N oS *Cl (Jljvj“reicgs U and V are N, gsax*-open setsin X. This

That is U and (N wasa*Cl(U ))C are disjoint
N, oSa*-open sets containing G and H respectively.
This shows that (X, T, )is N, gso* =N ormal.

Theorem 6.4. Let (X, Ty) be

N, —Top -Space. Then the following statements are
equivalent:
(a) X is N, gs0* N ormal.

a

(b) For any two N, gso*-open sets U and V whose
union is 1, there exist N ,gSa*—Closed subsets A of
U and B of V such that AUB=1,.

(a)=(b): Let U and V be
N s *-open sets in a N gSa*-Normal space X
such that U UV =1,. Then U and V° are disjoint
N o o8a*=closed sets. Since X is N, gsa™*-Normal,
then there exist disjoint N ,,gsoc*-opensets G and H
such thatU =G and V° cH. Let A=G°
B=H®. Then A and B are N gso*—closed subsets
of U and V respectively such that AUB=1,. This
proves (b).

Proof. two

and

(b)=(a):Let A and B be disjoint N, gsor*~closed
sets in X. Then A® and B® are N, gsax*-open sets
1. By (b),
N, gso*—closed sets E and F such that Ec AC,
FcB® and EUF =1,. Then E€and F€ are disjoint
N, oSa*-open sets containing A and B respectively.
Therefore X is N ,,gso*-Normal.

Definition 6.5. A N, ~Top-Space (X, T,) is said to
be strongly N csa*-Normal if for every pair of

whose union is there  exist

disjoint neutrosophic closed sets A and B in X, there

are disjoint N, osa*-open sets U and V in
X containing A and B respectively.
Theorem 6.6. Every N ,gso*-Normal space is

strongly N ,,gso™* =N ormal.
Proof. Suppose X is N gso*-Normal. Let A and

B be disjoint neutrosophic closed sets in X.Then A
and B are N _ osa*-closed in X. Since Xis

N, o8a*-Normal, there exist disjoint neutrosophic

open sets U and V containing A and B respectively.
Since every neutrosophic open set is N, gSox * -open set.
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implies that X is strongly N . gso*-Normal.
Theorem 6.7. Let (X, Ty) be
N, —-Top-Space. Then the following statements are

equivalent:
(a) X is strongly N ,,gso* =N ormal.

a

(b)For every neutrosophic closed set F in X and

every neutrosophic open set U containing F, there
exists a N ,,gsax*-open set V containing F such that

N o800 *Cl(V)cU.

(C) For each pair of disjoint neutrosophic closed sets A
and B in X, there exists a N ,gso*-open set U
containing A such that N ,,gsa*CI(U )N B =0,.
Proof. (a)=(b): Let U be a neutrosophic open set

containing neutrosophic closed set F. Then H=U€ is
a neutrosophic closed set disjoint from F. Since X is
strongly N ,osa*-Normal, there exist disjoint
N oS *-open sets V and W containing F and H
respectively. ThenN ,,gsac*CI(V) is disjoint from H,
since if y, . eH, the set Wisa N ,gso*-0pen set
containing Yires) disjoint from V.  Hence
N, os0*Cl(V)cU.

(b)=(c): Let A and B be disjoint neutrosophic
closed sets in X. Then B® is a neutrosophic open set
containing A. By (b), there exists a N ,,gSa ™ -open set
U containing A such that N ,osa*Cl(U)c BC.
Hence N ,gs0*Cl(U )N B =0,. This proves (c).
(c)=(a):Let A and B be disjoint N, gso*~closed
sets in X. By (c), there exists a N ,,gSa*-open set U

containing A such that N ,,gsa*CI(U)NB=0,. Take
V =(N ,gsa*CI(U))°.
N, oSa*-open sets containing A and B respectively.
Thus X is strongly N, gso™-Normal.

Theorem 6.8. Let (X, Ty) be

N ., —Top -Space. Then the following statements are
equivalent:
(a) X isstrongly N, gsor*-Normal.

Then U and V are disjoint

a

(b) For any two neutrosophic open sets U and V
whose union is 1, there exist N . ,gso* —closed subsets
A of U and B of V such that AUB=1,.
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Proof. (a)=(b): Let U and V be two neutrosophic
open sets in a strongly N, gso*-ormal space X such

that UUV =1, Then U® and V© are disjoint
neutrosophic closed sets. Since X is strongly
N ,oso*-Normal,  then  there  exist  disjoint

N _,gso*-open sets G and H suchthat U° =G and
VE<cH. Let A=G°® and B=H®. Then A and B
are N, osa*-closed subsets of U and V respectively
such that AUB =1,

(b)=(a): Let A and B be disjoint neutrosophic
closed sets in X. Then A® and B are neutrosophic
open sets such that A°UB® =1,. By (b), there exist
N osa*=closed sets G and H such that G < A®,
HcB® and GUH=1,. Then G® and H® are

disjoint N, oso*-open sets containing A and B
respectively. Therefore, X is strongly
N ,gso* N ormal.

VII. CONCLUSION
Topology is an important and major area of

mathematics, and it can give many relationships between
other scientific areas and mathematical models.
Recently, many scientists have studied the neutrosophic
set theory, which is initiated by Molodtsov and easily
applied to many problems having uncertainties from
social life. In the present work, we have continued to
study the properties of neutrosophic topological spaces.
we introduced the idea of new types of neutrosophic
compactness, neutrosophic connectedness, neutrosophic
regular spaces, and neutrosophic normal spaces defined
in terms of neutrosophic generalized semi alpha star
open sets and neutrosophic generalized semi alpha star

closed sets in a neutrosophic topological space (X,TN)

namely,
N ,,gso* compact spaces, N, osa* -Lindelof space,

countably N ., o8a * <compact spaces,
N ,,gso * -€onnected spaces, N ,,oso* -€separated sets,

N ,, —Super-gSa * -connected spaces,
N ,, —E xtrem ely —gso * -disconnected ~ spaces, and
N ,, —Strongly —gsa * -connected spaces,

N o5 *-R egular spaces, strongly N, gso* -R egular
spaces, N ,osa*-Normal spaces, and strongly
N ,oso*-Normal spaces.  Also, several of their

topological properties are investigated. Finally, some
effects of various kinds of neutrosophic functions on
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them are studied. and have established several
interesting properties. Because there exist compact
connections between neutrosophic sets and information
systems, we can use the results deducted from the
studies on neutrosophic topological space to improve
these kinds of connections. We see that this chapter will
help researcher enhance and promote the further study
on neutrosophic topology to carry out a general
framework for their applications in practical life.
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