
Derivation of a numerical method with free
second-order derivatives

1.. INTRODUCTION

MANY researchers[4,5,6,7,8] have been iterested in
developping the iteration methods and deriving the

asymptotic error constant to find the roots of nonlinear equa-
tions. The Newton’s method is one of the most well-known
iteration method and is applied.

Suppose that a functionf : C → C has a multiple zero
α with integer multiplicitym ≥ 1 and is analytic[1,2,3] in a
small neighborhood ofα. We find an approximatedα by a
scheme

xn+1 = g(xn), n = 0, 1, 2, · · · , (1)

whereg : C → C is an iteration function andx0 ∈ C is given.
Then we find an approximatedα using an iterative method.
To solve the equation, we develoop the following scheme:

g(x) = x − λf(x − µh(x))/f ′(x) (2)

where

h(x) =

{

f(x)/f ′(x), if x

6

= α
limx→α f(x)/f ′(x), if x = α.

(3)

Let p ∈ N be given andg(x) satisfy the following relation
{

∣

∣

∣

dp

dxp g(x)
∣

∣

∣

x=α
= |g(p)(α)| < 1, if p = 1.

g(i)(α) = 0 for 1 ≤ i ≤ p − 1 and g(p)(α)

6

= 0, if p ≥ 2.
(4)

Sinceg(x) is continuous atx = α, g(x) is represented by

g(x) =

{

x − λF (x), if x

6

= α
x − λ limx→α F (x), if x = α.

(5)

wherez(x) = x − µh(x) andF (x) = f(x−µh(x))
f ′(x) .

By Corollary 1 and Corollary 2, we have[f(z)]
(k)
x=α = 0, 0 ≤

k ≤ m − 1 and f(α) = f ′(α) = · · · = f(m−1)(α) =
0, f(m) 6= 0. Using L’Hospital’s rule repeatedly, we obtain

lim
x→α

F (x) =
[f(z)]

(m−1)
x=α

[f ′(x)](m−1)
= 0 (6)

The next corollary is useful to calculateg′(α), g′′(α) and
g′′′(α).

Corollary 1: Supposef : C → C has a multiple rootα with
a given integer multiplicitym ≥ 1 and is analytic in a small
neighborhood ofα. Then the functionh(x) and its derivatives
up to order 3 evaluated atα has the following properties with
θj = f(m+j)(α)

f(m)(α)
, j ∈ N:

(i) h(α) = 0

(ii) h′(α) = 1
m

(iii) h′′(α) = − 2
m2(m+1)

θ1

(iv) h(3)(α) = 6
m3(m+1)

{

θ1
2 − 2m

m+2θ2

}

Corollary 2: Let f stated in Corollary 1 have a multiple
root α with a given multiplicitym ≥ 1. Let z(x) = x−µh(x)
andh(x) be defined by Eq.(3). Then the following hold:

dk

dxk f(z)

∣

∣

∣

∣

x=α

= [f(z)](k)|x=α

=















0, if 0 ≤ k ≤ m − 1

f(m)(α) · z′(α)m
, if k = m

f(m+1)(α) · z′(α)m+1 + f(m) (α)
m(m+1)

2
· z′(α)m−1

z′′(α),

if k = m + 1

f(m+2)(α) · z′(α)m+2 + f(m+1)(α)
(m+1)(m+2)

2
· z′(α)mz′′(α)

+f(m) (α) · Lm+2(α),

if k = m + 2

whereLk =
(

k
3

)

tk−4{t · (−µh′′′) + 3
4
(k − 3)µ2h′′(α)

2}.

2.. CONVERGENCEANALYSIS

We establish some relationships betweenλ, m, g′(α), g′′(α)
andg′′′(α), for maximum order of convergence[9,10,11].

We rewrite Eq.(2) into

(g − x) · f ′(x) = −λf(z). (7)

wheref = f(x), f ′ = f ′(x) and z = x − µh(x) are used for
concise and the symbol′ denotes the derivative with respect
to x.
Differentiating both sides of Eq(7) with respect tox, we obtain

(g′ − 1) · f ′ + (g − x) · f ′′(x) = −λ[f(z)](1) (8)
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Sinceg′ is continuous atα, we have

g′(x) − 1 =

{

F1(x), if x 6= α
limx→α F1(x), if x = α,

(9)

whereF1(x) = −(g − x)f ′′(x) − λ[f(z)](1)/f ′.
Using Corollary 2 andg(α) = α, we have the following:

(g − x)f ′′(x)](k)
x=α

=

{

0, if 0 ≤ k ≤ m − 2, m ≥ 2

(m − 1)(g′ − 1)f(m)(α), if k = m − 1,
(10)

[f(z)](1)

](k)

x=α

=

{

0, if 0 ≤ k ≤ m − 2, m ≥ 2
f (m)(α)(1 − µ

m
)m, if k = m − 1,

(11)

Substituting Eq.(10) and Eq.(11) into Eq.(9), we have

g′(α) − 1 = −(m − 1)(g′(α) − 1) − λ(1 − µ

m
)m

To obtaing′(α) = 0, we get

m = λ

(

1 − µ

m

)m

= λtm (12)

wheretm = 1 − µ
m .

Differentiate both sides of Eq(8) with respect tox, we get

g′′ + 2(g′ − 1) · f ′′ + (g − x) · f(3) = −λ[f(z)](2) (13)

We rewrite

g′′(x) =

{

F2(x), if x 6= α
limx→α F2(x), if x = α,

(14)

where

F2(x) = −2(g′ − 1) · f ′′ − (g − x) · f(3) − λ[f(z)](2)/f ′.

We can get the numerator ofF2(x) by computition similar to
that done inF1(x)

−2(g′ − 1)f ′′ − (g − x)f(3) − λ[f(z)](2)

=















0, if 0 ≤ k ≤ m − 3

f(m)(α)(m − λtm), if k = m − 2

f(m+1)(α)[(m + 1) − λ(tm+1 − tm + tm−1)]

−g′′f(m)(α)
(m+2)(m−1)

2 if k = m − 1,

(15)

From Eq.(14) and Eq.(15), we get

g′′ =
2θ1

m(m + 1)
{(m + 1) − λ(tm+1 − tm + tm−1)} (16)

From Eq.(16), to haveg′′(α) = 0 we get the following
relation,

m + 1 = λ(tm+1 − tm + tm−1) (17)

Differentiate both sides of Eq.(13) with respect tox to obtain

g(3) ·f ′+3g′′·f ′′+3(g′−1)·f(3)+(g−x)·f(4) = −λ[f(z)](3).
(18)

We rewrite

g
(3)(x) =

{

F3(x), if x 6= α
limx→α F3(x), if x = α,

(19)

where

F3(x) = −3g′′f ′′ − 3(g′ − 1)f(3) − (g − x)f(4) − λ[f(z)](3)/f ′.

Hence, we have

−3g′′f ′′](k)
x=α − 3(g′ − 1)f(3)](k)

x=α

−(g − x)f(4)](k)
x=α − λ[f(z)](3)](k)

x=α

=



































0, if 0 ≤ k ≤ m − 4

f(m)(α)(m − λtm), if k = m − 3

f(m+1)(α){m + 1 − λ(tm+1 − tm + tm−1)}, if k = m − 2

−
(m−1)(m2+4m+6)

6 g(3)f(3) + f(m+2)(α)(m + 2)

−λ{f(m+2)(α)tm+2 − f(m+1)(α)θ1
m+2

m
(tm − tm+1)

−f(m)(α)Lm+2(α)}, if k = m − 1,

(20)

Consequently, we have

g(3)(α) =
6

m(m + 1)(m + 2)
[

θ2(m+2)−λ{θ2tm+2 +θ1
2(tm−tm+1)

m + 2

m
+Lm+2(α)}

]

. (21)

whereLk =
(

k
3

)

tk−4{t · (−µh′′(α)) + 3
4(k − 3)µ2h′′(α)

2}

Theorem 1:Let f : C → C have a zeroα with integer
multiplicity m ≥ 1 and be analytic in a small neighborhood
of α. Let θ1, θ2 be defined as in Corollary 1. Lett be a root
of ρ(t) defined in (20). Letx0 be an initial guess chosen in
a sufficiently small neighborhood ofα. Then iteration method
(2) with µ = m(1 − t) has order3 and its asymptotic error
constantη as follows:

η =
1

6
|g(3)(α)| =

1

m(m + 1)(m + 2)
|φ1θ

2
1 + φ2θ2|,

whereφ1 = −tm−2λq1(t), φ2 = m+2−λtm−2q2(t), q1(t) =

− (m+2)(t−1)2{2(m+1)t−m+1}
2m(m+1) and q2(t) = t(t3 − 2t + 2).

3.. NUMERICAL RESULTS

In these experiments, we choose300 as the minimum
number of digits of precision by assigning$MinPrecision=250
in Mathematica to obtain the specified nominal accuracy. We
set the error boundǫ to 0.5 × 10−235 for | xn − α | < ǫ and
evaluate thenth order derivative of the complicated nonlinear
functions using the Mathematica[12] commandD[f, {x, n}].

As an example for the convergence, we investigate the order
of convergence and the asymptotic error constant with a func-
tion f(x) =

{

x10 −
√

3x3 cos(πx/6) + 1/(x2 + 1)
}

(x − 1)
having a real zeroα = 1.0 of multiplicity 2. We choosex0 =
0.92 as an initial guess. Table 1 verifies cubic convergence.
The computed asymptotic error constants are in sucessful
agreement with theoretical asymptotic error constantsη up
to 10 significant digits. The computed root is rounded to be
accurate up to the 235 significant digits.

Our analysis has been further confirmed through more test
functions that are listed below:

f1(x) = cosx − x, α = 0.739085133215161
f2(x) = (sin2 x − x2 + 1)(cos 2x + 2x2 − 3),

α = 1.40449164821534
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TABLE I
CONVERGENCE FOR

f(x) =
{

x10 −
√

3x3 cos(πx/6) + 1/(x2 + 1)
}

(x − 1)

n xn | xn − α | en+1/en
2 η

0 0.920000000000000 0.800000
1 0.991249484161490 0.0121355 1.367268100 3.033
2 0.999794338683744 0.000360502 2.685871931 54251
3 0.999999872081448 3.35582× 1−−7 3.024323988
4 0.999999999999950 2.91278× 10−14 3.033536758
5 1.00000000000000 2.19446× 10−27 3.033542510
6 1.00000000000000 1.24557× 10−52 3.033542510
7 1.00000000000000 4.01279× 10−104 3.033542510
8 1.00000000000000 4.16489× 10−207 3.033542510
9 1.00000000000000 −2.89905× 10−400

TABLE II
CONVERGENCE FOR VARIOUS TEST FUNCTIONS.

f(x) m x0 en ν η

f1(x) 1 0.490 6.13024× 10−293 5 0.04875502284
f2(x) 2 1.290 4.51173× 10−253 8 0.7835709502
f3(x) 3 1.080 0. × 10−249 10 5.119146433
f4(x) 4 2.190 1.18904× 10−261 8 0.5369302217
f5(x) 5 2.270 2.41280× 10−398 9 1.11
f6(x) 6 2.790 2.52653× 10−359 9 1.096153846
f7(x) 7 2.590 1.92369× 10−587 10 3.591527519
f8(x) 8 1.590 1.90760× 10−308 8 0.08249684013

f3(x) = (sin(πx/2
√

2) − x4 + 3)(x2 − 2)2,
α =

√
2
f4(x) = (x8 − 14x4 sin(πx/4) − 32)(x2 − 4x +

4) log(x − 1), α = 2.00000000000000
f5(x) = (3x7 − 37x4 + 208) sin (πx/2) log[x− 1]3,

α = 2.00000000000000
f6(x) = (e(x2+7x−30) − 1)(x − 3) sin4 πx/3,

α = 3.00000000000001
f7(x) = (e−x sin x + log[1 + (x − π)2])(x −

π) sin3 x(log[x − π + 1])2, α = π
f8(x) = (x2 sin (πx/8) + e(x−2)2 − 1 − 2

√
2)(x −

2)3 sin4 (πx/2), α = 2.00000000000000

Table 2 shows convergence behavior for the above test
functions with the multiplicitym, the initial guessx0, the least
iteration numberν and the asymptotic error constantη. In the
future study, we develop extended optimal iteration methods
of higher order.
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