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Abstract—The subject of this research is the presentation of
a model for studying the integration of migration flows with
the resident population. The basic element for social cohesion
is the cultural level of the people involved. In this study, we
hypothesize a similarity between diffusion laws of the heat and
culture, represented respectively by equations on the knowledge
and temperature. The integration of migration flows is described
by the use of the Cahn-Hilliard equation.

I. INTRODUCTION

Fig.1 - Symbolic integration pictures

Fig.2 - An impressive picture that well describes migration
issues

The growing role of the problems linked to migration and
integration for the political and economic development of so-
cial systems is becoming very important. Stimulating interest
in the mathematical modeling of migration and integration.

In this framework, the equations which describe the evo-
lution of the culture is represented by diffusion equations on
the knowledge, likewise to the equation that describes the heat
diffusion.

Moreover, we suppose that the social cohesion in the
integration processes is controlled by the cultural level of the
populations [6],[5],[4],[7],[1],[2],[3],[9],[10].

Fig.3 - The flow migration form Texas to US
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In this work we present a summary of the paper [8],
in which it was studied the migration and integration of
different populations by a differential system containing the
Cahn-Hilliard equation. This issue describes the integration or
separation law of two ethnic fluxes, according to a control
factor given by the cultural levels of two populations, whose
evolutions are described by a system of diffusion equations.
Moreover, we assume that the homogenization process occurs
when the mean of two cultural levels exceeds a critical value.

Fig.4 Diffusion process

II. INTEGRATION MODEL

In this section, we study the interaction of two ethnic groups
A1 and A2 with different cultures (traditions, religions, ecc.).
So in a fixed bounded domain Ω ⊂ R2 and time interval
[0, T ], the total mass M1 and M2 of two populations will be
constants. In the following, we denote with ρ1 and ρ2 the local
densities of the two groups, while the specific densities of the
populations A1 and A2 are the same, denoted by ρ. Finally,
the local concentration c ∈ [−1, 1] of the component A1 is
given by c = 2ρ1−ρ

ρ . In this framework, we consider the mean
velocity v of the mixture, defined by

v =
ρ1v1+ρ2v2

ρ
(II.1)

where v1 and v2 are the velocity related with the components
A1 and A2. Thus, the evolution of the mixture will be
represented by the equation of a viscous incompressible fluid

ρv̇ = −∇p+ ρ∇ · (∇c⊗∇c) +∇ · υ(c)∇v + ρb (II.2)

where p is the pressure, υ(c) is the viscosity coefficient
depending on c, the vector b denotes the external body forces.
Moreover, because the density of the mixture is constant., we
have ∇ · v = 0

Fig.5 - The homogenization of the mixture

Fig.6 - Integration process

The behavior of the concentration c will be described by
the Cahn-Hilliard equation

ρċ = ∇ ·M(c)∇µ (II.3)

where M(c) is the mobility such that M(c) ≥ 0, M(−1) =
M(1) = 0. While µ is the supplemented potential defined by

µ(c, ϕ1, ϕ2) = γ∇2c− ϕ0H
′(c)− ϕ1 + ϕ2

2
L′(c) (II.4)

where the potentials H and L are defined by

H(c) =
1

4
(c2 − 1)2 , L(c) =

c2

2
(II.5)

while ϕ1 > 0 and ϕ2 > 0 represent the knowledge levels
of the two components, while ϕ0 is a critical value, which
denotes the integration-separation phase transition, controlled
by the mean value ϕ1+ϕ2

2 . Hence, we obtain by (II.3) and
(II.4) the equation on the concentration c

ρċ = ∇ ·M(c)∇(γ∇2c− ϕ0H
′(c)− ϕ1 + ϕ2

2
L′(c)) (II.6)

Finally, for this problem we consider the boundary conditions

M(c)∇µ · n = 0 , at ∂Ω (II.7)

where n is the unit outward normal. Then, we study the
evolution of the educational level by a diffusion equation.
Thus, we introduce two equations related with the knowledge,
which describe the cultural balance laws of two ethnic groups

ρϕ̇1−
1

2
L̇(c)+

ν

2
∇2v = ∇·δ1∇ϕ1−α(ϕ1−ϕ2)+ρs1 (II.8)

ρϕ̇2−
1

2
L̇(c)+

ν

2
∇2v = ∇·δ2∇ϕ2−α(ϕ2−ϕ1)+ρs2 (II.9)
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where α ≥ 0, s1 and s2 represent the cultural supplies, while
δ1 and δ2 are the cultural conductivity (diffusibility) of the
component A1 and A2. Therefore, the differential system is
given by the equations (II.2), (II.6), (II.8) and (II.9) with the
boundaries conditions (II.7) and

v(x, t)|∂Ω = 0 , ∇c(x, t) · n(x)|∂Ω = 0 ,

(II.10)
∇ϕ1(x, t) · n(x)|∂Ω = 0 , ∇ϕ2(x, t) · n(x)|∂Ω = 0

and the initial conditions

v(x, 0) = v0(x) , c(x, 0) = c0(x) , x ∈ Ω

(II.11)
ϕ1(x, 0) = ϕ10(x) , ϕ2(x, 0) = ϕ20(x) , x ∈ Ω

The evolution of the system is well described by the following
pictures.

Fig.7 - The integration process by Cahn-Hilliard equation
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