
  

 
Abstract: Riemann zeta is defined as a function of a 

complex variable that analytically continues the sum of 

the Dirichlet series, when the real part is greater than 

unity. In this paper, the Riemann zeta associated with the 

finite energy possessed by a 2mm radius, free falling 

water droplet, crashing into a plane is considered. A 

modified zeta function is proposed which is incorporated 

to the spherical coordinates and real analysis has been 

performed. Through real analytic continuation, the single 

point of contact of the drop at the instant of touching the 

plane is analyzed. The zeta function is extracted at the 

point of destruction of the drop, where it defines a unique 

real function. A special property is assumed for some 

continuous functions, where the function’s first derivative 

and first integral combine together to a nullity at all 

points. Approximate reverse synthesis of such a function 

resulted in a special waveform named the dying-surge. 

Extending the proposed concept to general continuous 

real functions resulted in the synthesis of the 

corresponding function’s Dying-surge model. The 

Riemann zeta function associated with the water droplet 

can also be modeled as a dying–surge. The Dying- surge 

model corresponds to an electrical squeezing or 

compression of a waveform, which was originally defined 

over infinite arguments, squeezed to a finite number of 

values for arguments placed very close together with 

defined final and penultimate values. Synthesized results 

using simulation software are also presented, along with 

the analysis. The presence of surges in electrical circuits 

will correspond to electrical compression of some 

unknown continuous, real current or voltage function and 

the method can be used to estimate the original unknown 

function. 

Keywords : Riemann zeta, Continuous real functions, Spherical 

coordinates, Surge waveform,  Dying -surge model, Electrical 

squeezing. 

I. INTRODUCTION 

In this paper the Riemann zeta associated with the finite 
energy possessed by a 2 mm radius free falling water droplet 
just collapsing on a surface is analyzed. The droplet, 
assuming a spherical geometry, falling through a distance 
under the influence of gravity, is crashing onto a horizontal 
plane. The initial single point of contact is assumed to be on  

 

 

X - axis. A modified Riemann zeta function is proposed which 
is incorporated to the spherical coordinate system and real 
analysis has been performed. Through analytic continuation, 
the single point of contact of the droplet at the instant of 
touching the plane is analyzed. The zeta function is extracted 
at the point of collapse of the drop where it possesses a high 
probability to exhibit the property of a surge. Generally, 
continuous functions are a set of mathematical functions 
classically defined in a variety of ways [1]-[5]. They are seen 
to possess various useful properties which can be utilized in 
many applications including modeling. Surge waveforms 
have a lot of practical significance in many areas of 
mathematics and engineering [6]-[8]. A dying- surge can be 
defined as one whose amplitude reaches very high values 
(infinite) in almost zero (very short) time interval and then 
reduces to arbitrarily small values before settling down to 
zero. A dying-surge can also be defined in the spatial domain 
in a similar way. Functionally, this is entirely different from 
the common damped oscillations present in many electrical 
systems [9]-[10]. Surges are considered to be discontinuous 
functions and can be usually described using Dirac delta 
functions [11]-[12] or Kronecker delta functions [13]-[14]. 
But descriptions using Dirac delta functions possess many 
mathematical and analytical constraints. Surges are 
invariably present in all electrical and electronic circuits, and 
normal analysis cannot provide a comprehensive solution in 
real time scenarios. The analytical methodology proposed in 
this paper is presented in the following sections. 

 

II.  RIEMANN ZETA FUNCTION MODELING OF A 2- 
MILLIMETER RADIUS FALLING WATER DROPLET 

Defining the Riemann zeta function as 𝜍(𝑠) = ∑ 𝑛−𝑠∞
𝑛=1 with 

s being a complex variable with real part greater than unity. 
The water droplet is assumed to be freely falling just before 
the point of impact and spherical coordinate system is 
assigned for analysis. The total kinetic energy of the droplet 
of 2 mm radius, just before the point of impact, is considered. 
This finite kinetic energy of the droplet is modeled as 
Riemann zeta function of appropriate parameter s, with the 
converging infinite summation corresponding to the kinetic 
energies of individual molecules or molecular cluster level 
units. Since the droplet is assumed to be a perfect sphere in 
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modeling, the first point of impact will be a tangential plane 
to the sphere. 
For the droplet, just before the impact, analyzing kinetic 
energy as follows: 
 
∫ ∫ ∫ 𝑓(𝑟, 𝜃, 𝜙)𝑟2 𝑠𝑖𝑛 𝜃 𝑑𝑟𝑑𝜃𝑑𝜙

∞

𝑟=0

𝜋

𝜃=0

2𝜋

𝜙=0
=

1

2
𝑚𝑣2 =

32

3
𝜋 × 10−7𝑣2 =

64𝜋𝑔𝑑

3
× 10−7,                                   (1) 

 
where d is the distance through which the droplet has fallen 
through and g is the acceleration due to gravity and m being 
the mass of the droplet. With the RHS of (1 ) being finite, the 
integral evaluates to a finite value. Therefore, for the droplet, 
applying the spherical coordinates and defining the modified 
Riemann zeta function for the scenario under consideration 
will yield the following equations: 
 

𝜍𝑚𝑜𝑑(𝑟) = ∑ 𝑛−𝑠

∞

𝑛=1

= ∑ 𝑛

∞

𝑛=1

−𝑟 𝑠𝑖𝑛 𝜃(𝑐𝑜𝑠 𝜙+𝑗 𝑠𝑖𝑛 𝜙)

= ∑ 𝑛−𝑟𝑠𝑖𝑛 𝜃(𝑐𝑜𝑠 𝜙+𝑗 𝑠𝑖𝑛 𝜙)

∞

𝑛=1

 

 
                                                                                      (2) 
With ,  𝑓(𝑟, 𝜃, 𝜙) = 𝜍𝑚𝑜𝑑(𝑟) = ∑ 𝑛−𝑟𝑠𝑖𝑛 𝜃(𝑐𝑜𝑠 𝜙+𝑗 𝑠𝑖𝑛 𝜙)∞

𝑛=1 , 

eqn (1 ) becomes, 

 

∫ ∫ ∫ 𝜍𝑚𝑜𝑑(𝑟)𝑟2 sin 𝛳𝑑𝑟𝑑𝛳𝑑𝜙 =
1

2

0.002

𝑟=0

𝜋

𝛳=0

2𝜋

𝜙=0

𝑚𝑣2

=
32

3
𝜋 × 10−7𝑣2 =

64𝜋𝑔𝑑

3
× 10−7 

                                                                                     (3) 
 
Finiteness of the integral is ensured from eqn (3). 
 
At the instant of collision of the water droplet with a 
horizontal X-Y plane, the spherical coordinate system is 
assumed to be collapsed, with the initial point of impact 
defined on the X -axis in the Cartesian coordinate system. 
Therefore, the tangent which is the initial point of impact, can 
be obtained as the gradient of ),,( rf or )(mod r . 

𝛻𝜍𝑚𝑜𝑑 (𝑟) = ∑ 𝑛

∞

𝑛=1

−𝑟 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙

ln(𝑛− 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 ) 𝑟̂

+
1

𝑟
∑

∞

𝑛=1

𝑛−𝑟 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 𝑙𝑛( 𝑛−𝑟 𝑐𝑜𝑠 𝜙) 𝑐𝑜𝑠 𝜃 𝜃̂

−
1

𝑟 𝑠𝑖𝑛 𝜃
∑

∞

𝑛=1

𝑛−𝑟 𝑠𝑖𝑛 𝜃 𝑐𝑜𝑠 𝜙 𝑙𝑛( 𝑛−𝑟 𝑠𝑖𝑛 𝜃) 𝑠𝑖𝑛 𝜙 𝜙̂ 

                                                                                    (4) 
 
 
                                                                                
At this condition, i.e. at the point of collapse of spherical 
coordinate, assumed to be happening on the X-axis, 




=

−=
1

mod )(
n

xnr , and the derivative converges to a finite 

value only for certain conditions. In other cases when that 
does not happen, there exists the probability of existence of 

surges. These are very high valued- functions that are 
generated at the point of impact and in fact emerged from a 
water droplet of finite energy for the scenario under 
consideration. It is as if the infinitesimally small energy units, 
all trying to add up at the first single point of contact, resulting 
in a surge. This function, which will eventually die away with 
respect to space and time, can be used in the modeling of the 
underlying function. 

III. FUNCTIONAL ANALYSIS OF DYING-SURGES  
Let an arbitrary unknown continuous function be denoted by 

)(xfy = . Instead of the spatial domain x, the time domain 
t can also be considered in the analysis. Defining the special 
property for this function as in eqn (5): 

 =+ 0)()(' dxxfbxaf       ,                       (5) 

where )(' xf  denotes the first derivative of the function 
)(xf   and a and b are constants. 

 From eqn (5), the following condition can be obtained as: 
                   )()( '' xafxbf −=     ,                            (6)                                                                              

where )('' xf denotes the second derivative of )(xf . 
For defining such a real function at some finite points, let 
the variable x be defined as x = [ x1, x2, x3 …..xn ] and the 
corresponding function values as y = [ y1 , y2 , y3,……yn ]. 
The points xi are defined close together such that: 
 

                     += −1ii xx                                            (7)  
With this condition, evaluating the approximate first 
derivative of function y=f(x) as in eqn (8): 
 
                          





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xf , (8) 

                                                                                                                                                                                                 
 
 with the condition that x1 and x2 very close together. 
 
Evaluating the second derivative of f(x) as follows: 
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                                                                                          (9) 
 
 
From the condition in eqn (6), with a=b=1, the following 
functions can be derived: 
 





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
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      and consequently, 
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
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Therefore, for the general case, this becomes:                        



















−
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)(
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xx
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yy

y                 (10) 

 
Solving for yi     gives the following equation: 










−−−−

+−−
=

+++++

+++++

)())()((
)(

1212
2

1

12121

iiiiii

iiiiii
i

xxxxxx

yxyxyx
y    

                                                                                  (11) 
 

IV. RESULTS: REVERSE SYNTHESIS OF THE PROPOSED 
FUNCTION 

From eqn (11), the proposed function can be reverse- 
synthesized for any arbitrary point. The function value yi can 
be synthesized using xi , xi+1, xi+2 , yi+1 and yi+2 . In the 
proposed method, the function is reverse synthesized  with 
two values yi+1 and yi+2 , with the final value arbitrarily close 
to zero.  Synthesis is carried out using the simulation platform 
MATLAB®  for 100, 1000 and 10000 values of the function 
with closely spaced values of x. Figures 1 through 3 depict 
the reverse synthesized functions. Table 1 shows the 
synthesized function values. Initial 10 values for n=10 
synthesis are shown while the first 180 values for n=1000 
synthesis and first 9180 values for n=10000 synthesis tend to 
infinitely large. 
 

 
Fig 1.Reverse synthesis for 100 values- first 10 function values 

possessing very large magnitudes 

 
Fig 2. Reverse synthesis for 1000 values- first 180 values are 

infinitely large 
 
 

 
 

Fig 3 . Reverse Synthesis for 10000 values- first 9180 values are 
infinitely large 

 
 

Table 1: Synthesized function values -proposed function for n point 
reverse synthesis (n=100, 1000, 10000). 
 

First 10 values(100 

point synthesis) 

181th  to 190th 

values(1000-point 

synthesis) 

9181th  to 9190th 

values  (10000- 

point synthesis) 
6.646 x 1036 1.348  x 10308                                    0.449 x 10308 
-2.658 x 1036                                                 -0.674 x 10308                                   -0.224 x 10308 
1.329 x 1036                                                   0.224 x 10308                                     0.112 x 10308 
-0.498 x 1036                                                 -0.112 x 10308                                    -0.042 x 10308 
0.1662 x 1036 0.0421 x 10308                                   0.014 x 10308 
-0.083 x 1036                                                 -0.014 x 10308                                   -0.007 x 10308 
0.041 x 1036                                                  0.010 x 10308                                      0.003 x 10308 
-0.015 x 1036                                                 -0.004 x 10308                                     -0.001 x 10308 
0.0052 x 1036                                                 0.001 x 10308                                      0.0004 x 10308 
-0.0026 x 1036                                              -0.0007 x 10308                                    -0.0002 x 10308 

 
From Table 1, initial 10 values for synthesis with n=10 is 
shown while the first 180 values for n=1000 synthesis and 
first 9180 values for n=10000 synthesis tend to infinitely 
large.  
 From the proposed synthesized function, it can be seen that 
the initial values all attain very high magnitudes which can be 
fairly assumed to be close to infinity in a practical scenario. 
Additionally, from Table 1, the noticeably finite set of values 
tend to have very high magnitudes. The synthesis is done by 
arbitrarily- assumed final and penultimate values of 0.005 and 
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1 respectively. The final value is chosen to be close to zero 
where the surge has died out. From the plots generated for the 
synthesized function and the tabulated values, it can be seen 
that the proposed function corresponds to a dying-surge. 
Therefore, the dying- surge is modeled as a continuous 
function as per eqn (5).        Since the sinusoid or the cosinusoid i.e. y=sin x and 
y=cos x satisfy the condition in eqn (5), the above Dying- 
surge model also corresponds to a sine or cosine function. 

A. General Case  Analysis 

 
A special case of eqn (5) can be written as in eqn (12):  
 
                       )()()( '' xgxfxf +−=

                  (12)   
where g(x) is a general function. Any function f(x) that can be 
represented as in eqn (12), can be modeled using the proposed 
methodology. With reference to eqn (11), for this general 
case, it can be shown that 
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                                                                                       (13) 
 
Since the points xi are required to be very close together, eqn 
(13) will also correspond to the Dying -surge model as 
demonstrated in the following example: 
 

Case: Arbitrary Function: 

Let a general function be defined as: 
2

1)(
2x

xg +=  

This corresponds to the function f(x)=x. The reverse 
synthesized Dying -surge model of the function can be 
simulated as in Fig 4. 
 

 
Fig 4. Dying -surge model for the function y=x   

 
The Dying- surge Model corresponds to an electrical 

squeezing of waveform, existent over infinite values, 
combined to a finite number of values placed very close 
together, with defined final and penultimate values. This 
‘squeezing’ results in the surge which will die out as it 
proceeds from start to the pre-defined final value, close to 
zero. Therefore, any function which is finite, continuous 

valued, integrable and differentiable can be expressed as a 
dying- surge over an arbitrarily finite number of points. 
 

B. Applications 

In physical scenarios like the case of a falling water droplet 
and also in electrical and electronic circuits, dying-surges 
occur at different spatial points and time instants, due to many 
unknown reasons. The surges can in many cases, be 
measured, and from the sampled finite values, the underlying 
function producing the dying- surge can be estimated.  
 

V. CONCLUSION 
The Riemann zeta associated with the finite energy possessed 
by a 2 mm radius, free falling water droplet impinging on a 
plane is analyzed. A modified zeta function is proposed 
which is defined in the spherical coordinates and real analysis 
has been performed. Making use of real analytic continuation, 
the single point of contact of the drop at the instant of 
touching the plane on X - axis is analyzed. The zeta function 
is extracted at the point of collision of the droplet where it 
possesses a probability to exhibit the property of a surge. 
Continuous functions, where the function’s first derivative 
and first integral add together to a nullity at all points, can be 
reverse synthesized, resulting in the dying-surge waveform. 
The proposed concept can be extended to general continuous 
real functions. This corresponds to the synthesis of the 
function’s Dying- surge model.  The Dying- surge model 
represents an electrical squeezing or compression of a 
waveform and can be helpful in the estimation of the 
unknown underlying function of a surge. 
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