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Abstract—In view of the inaccuracy of traditional
methods for solving nonlinear equations with variable
coefficients in parallel, a new method for solving nonlinear
equations with variable coefficients is proposed. Using the
generalized symmetry group, the variable coefficient of the
equation is taken as a new variable which is the same as the
state of the original actual physical field. Some relations
between variable coefficient equations and their solutions
are found. This paper analyzes the meaning of linear
differential equation and nonlinear differential equation,
the difference between linear differential equation and
nonlinear differential equation and their role in physics,
and the necessity of solving nonlinear differential equation.
By solving the nonlinear equation with variable
coefficients, it can be seen that the general methods to solve
the nonlinear equation include scattering inversion,
Backlund transform and traveling wave solution. Based on
the existing methods for solving nonlinear equations with
variable coefficients, the homogeneous balance method is
combined with the improved truncated expansion method,
truncated expansion method and function reduction
method, and the Hopf Cole transform and trial function are
combined respectively. The above three methods are used
to solve nonlinear equations with variable coefficients.
Based on KdV Painleve principle, a parallel method for
solving nonlinear equations with variable coefficients is
proposed. Finally, it is proved that the method is accurate
and effective for the parallel solution of nonlinear
equations with variable coefficients.
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I. INTRODUCTION

ITH the development of science and technology,
research on non-linear problems has run through many
fields such as information science, life science, space science,
and environmental science. In nonlinear physics and
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mechanics, complex nonlinear systems are reduced to nonlinear
evolution or evolution equations. The relationship between
physical quantities is determined by studying the solutions of
these nonlinear equations [1]. Therefore, solving non-linear
equations has always been an extremely important problem for
scientists in the fields of mechanics, physics and other fields.

In the theory of nonlinear partial differential equations, the
solution of equations has always been an important topic
widely concerned and studied by physicists and
mathematicians. Because of its complexity, it is difficult to
solve it by a unified method. Finding effective transformations
to transform non-linear differential equations into easy-to-solve
equations is the core of most accurate solutions and a major task
of the AC = BD mode. The key to successfully solving complex
equations or constructing complex wave solutions is to
algorithmize the solution method and realize the mechanization
of the solution process with the help of symbolic computing
software systems.

Guided by the idea of mathematical mechanization, the
exponential function method is used to construct variable
coefficient nonlinear evolution equations and nonlinear
differential first order difference equations. The algorithm
design and specific examples show that these two algorithms
are more direct than the Hirota method, which does not involve
the complex process of bilinearizing the equations with Hirota
bilinear operators, and the obtained solution is general. Thus, it
shows its superiority in the multi-wave solution of mechanized
structure. In the practical application of the algorithm, new
N-soliton solutions of variable coefficient KdV Painleve
equation and variable coefficient (2+1)-dimensional BK
system and (1+1)-dimensional Toda lattice equation were
obtained. The periodic variable speed linear propagation
diagram, multi soliton pursuit diagram, fusion and fission
phenomena and asymptotic behavior of the new solution are
simulated graphically. A mechanism adaptive algorithm is
proposed in [2]. The corresponding algorithm depends on the
error between the actual device output and the reference model
output, and also on the variable learning rate. The control
strategy is based on two steps; The first is to initialize the
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controller parameters with a reduced number of observations.
In the second stage, the parameters of the controller are directly
adjusted from the training data by tracking error. Simulation
results show that the algorithm is simple to implement and can
be extended to multivariable systems. Reference [3] uses
piecewise linearization technology and numerical calculation
method to identify the maglev system model. On this basis, a
robust controller is designed, which can withstand 50% of the
displacement around the operation area, and the simulation is
carried out. Then, the switching controller technology is used to
extend the technology to full-scale operation. Finally, the
performance of the designed controller is evaluated by
simulation and experiment. The results show that compared
with the traditional PID controller, the performance of the
controller is always better than the traditional PID controller.
Reference [4] analyzes the stability and optimality of a class of
PD controlled nonlinear SISO network systems. The systems
considered include network systems with input-output relative
quadratic and asymptotically stable zero dynamics. A set of
semi global stability conditions are derived, which can be
interpreted as adjustment criteria. The optimality condition of
PD controller is derived by using inverse optimality based on
the passivity of appropriate (control) output.

Based on the work of experts and scholars, some
constructive methods and symbolic calculations of exact
solutions of nonlinear differential equations in the AC = BD
mode were studied with specific examples, and some results
obtained in the example were visually analyzed. At the same
time, related issues were resolved. In the process of algorithm
design and implementation, we took full advantage of the
“human brain + computer” to make up for the shortcomings
caused by limited computer capacity and inability to handle
infinite things. In recent decades, many effective methods have
been constructed, such as the homogeneous equilibrium
method, the exponential function method, and the truncated
expansion method. However, most of these methods are used to
solve constant coefficient nonlinear evolution equations, and
the research history of solving variable coefficient nonlinear
evolution equations is still very short. From the practical
significance of further research, the coefficients of nonlinear
evolution equations change with time and space. The variable
coefficient nonlinear evolution equation can better reflect real
natural phenomena, so it is necessary to study its basic theory.
This article is proposed in this context.

II. MATERIALS AND METHODS

The solution of nonlinear evolution equations, especially the
precise solutions of these equations, is an ancient and very
important research topic in theory and application. Over the
years, many mathematicians and physicists have done a lot of
valuable work, and the methods for solving them have also
been continuously developed and improved. Due to some
limitations of the constant coefficient nonlinear evolution
equation, the variable coefficient nonlinear evolution equation
reveals the physical mechanism of the actual problem, and
therefore has a wider application prospect.

Because the definite solution of the nonlinear evolution
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equation is very complex and the nonlinear equation itself has
many characteristics, there are still many important equations
with practical application value that cannot be solved
accurately. The nonlinear evolution equation that has been
solved for the exact solution is also obtained through different
methods, and there is no unified method. Whether the obtained
solution has physical significance needs further verification.
Whether these special solutions can be obtained depends to a
large extent on the availability of practical solutions. Therefore,
the development of the solution process and method constitutes
an organic whole of explicit solution research. The solution
method is closely related to the development of soliton theory.
Constant-coefficient nonlinear equations can only ideally
reflect the laws of actual material movement, in fact, the
coefficients of these nonlinear evolution equations change with
time and space. Only the variable coefficient nonlinear
equation can more accurately, objectively, and truly reflect the
complex motion change law of actual matter [5]. Therefore, it is
more important to study the solution method of the variable
coefficient nonlinear equation, because that is more general.
However, it is more difficult to solve the variable coefficient
nonlinear partial differential equation than the constant
coefficient nonlinear partial differential equation, and it is more
complicated to study. In recent years, some progress has been
made in solving the variable coefficient nonlinear equation.
The linear differential equation has a remarkable feature that
its solution satisfies the superposition principle. If two solutions
of the nonlinear differential equation are known, and the linear
superposition of these two solutions is not necessarily the
solution of the original differential equation [6]. Nonlinearity is
also the cause of the mutation, because for the linear differential
equation, a small change in one variable is unlikely to cause a
sudden change in another variable, while the nonlinear
differential equation is different. From the mathematical point
of view, in function X =i(a+Db), the power of the variable is

first, and any function composed of variable with the non-first

power is nonlinear. For example, y=ax’ +bx+c, y=sinx,
and y =expi(a-+b) . From the image point of view, the image
of the linear function is a straight line (the origin of linearity),
and the image of the non-linear function is a curve. The linear
function can be considered as a special case of the non-linear
function [7].

Physically, physical quantities are functions of space and
time, and the relationship between them is always described by
differential equations, such as Newton’s second law

_b*F(xy)

a(i-1)
equation means that the power of all variables and their
derivatives of each order in differential equation are first. On
the contrary, the variables of nonlinear differential equations
and their derivatives of any order are not first. From this point
of view, linear differential equations are also special cases of
non-linear differential equations. Non-linear differential
equations reflect the most common and universal laws in nature

[8].

. For differential equation, linear differential
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When studying nonlinear equations, constant coefficient
nonlinear evolution equations are just idealizations and
approximations of real-world nonlinear problems. In fact, the
coefficients of these nonlinear evolution equations change with
time and space. The variable coefficient nonlinear evolution
equation reveals the physical mechanism of the actual problem,
so it has a wider application prospect. However, it is more
difficult to solve the variable coefficient nonlinear partial
differential equation than the constant coefficient nonlinear
partial differential equation, and it is more complicated to
study. Each of these non-linear evolution equations has a broad
practical background in the field of physics.

An important issue in the study of nonlinear optics is the
movement of solitons, especially solitons in optical fibers. In
mathematics, the soliton is understood as the local traveling
wave solution of the nonlinear evolution equation. The
so-called local refers to the case where the solution of the
differential equation approaches zero or determines a constant
at infinity in space. In other words, solitons refer to stable
solitary waves, which have the following properties:

(1) The energy is relatively concentrated.

(2) The elastic scattering phenomenon with particle-like
properties when colliding with each other, that is, its waveform,
velocity and amplitude can be maintained after encountering
similar solitary waves.

(3) It is almost regular everywhere, that is, it is regular except
for individual points.

In physics, soliton is understood as a stable, finite energy,
non-dispersive solution of the classical field equation. That is,
the energy is concentrated in a small area and does not change
the waveform and wave velocity after interaction.

Morphologically, solitary waves are coherent structures (or
pseudo-ordered structures) that exist in nature. It is a traveling
wave that can both propagate through space at a speed of v and
can be at rest.

Solitons: Solitary waves with elastic collision characteristics
are called solitons for short. Solitons are quasiparticles that are
excited by a non-linear field, do not disperse energy, and are
morphologically stable.

In a field theory system, if there is a classical solution that is
bound to a limited area at any time, then such solution is called
the classical soliton solution. At the same time, the quark field
is the basic field, but it is not the lowest state of energy, and the
soliton state is the lowest state of energy. Hadrons observed in
nature are actual solitons [9]. Soliton theory is a science that
studies the exact solution and integrability of non-linear
evolution equations. The emergence and development of the
soliton concept cannot be separated from the development of
natural science and engineering technology, and it is constantly
updating its research objects, content and methods. Because it
reflects the basic laws of natural phenomena, it also constantly
generates new problems and new methods that need to be
solved. Because the mathematical problems faced by the
soliton theory research are not only diverse and complex, many
related disciplines have benefited a lot. With the advent of
computers, even extremely complex problems can be easily
solved. In today’s world where science and technology are
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highly developed, the study of soliton theory has a vast world,
and it has important practical significance in the fields of
military, communications, weather forecasting, engineering
and technology. Therefore, the study of soliton theory has
theoretical and practical significance. There are currently two
definitions of solitons:

Definition 1: Soliton

1) It is a kind of energy limited local solution in wave
problems.

2) It can exist stably in a given region of space.

3) Interaction does not change their characteristics.

4) It can be described as a fixed form of wave.

5) It is local, decaying, or constant at infinity.

6) Other solitons can collide strongly with them, and the
wave shape will not change.

Definition 2: Soliton

1) It is a traveling wave propagating in one direction.

2) It is distributed in a small area of space.

3) The wave shape does not change with time.

4) The interaction between them has the same -elastic
collision as particles.

By studying the nonlinear equations with soliton solutions,
we can find that these equations can be expressed as:

Sport + dispersion + nonlinearity = 0,

Or

Sport + dispersion + nonlinearity + dissipation = 0.

When studying nonlinear equations, constant coefficient
nonlinear evolution equations are just idealizations and
approximations of real-world nonlinear problems, in fact, the
coefficients of these nonlinear evolution equations change with
time and space. The variable coefficient nonlinear evolution
equation reveals the physical mechanism of the actual problem,
so it has a wider application prospect. However, it is more
difficult to solve the variable coefficient nonlinear partial
differential equation than the constant coefficient nonlinear
partial differential equation, and it is more complicated to
study. Each of these non-linear evolution equations has a broad
practical background in the field of physics. Since the NLS
equation is a non-linear equation involving complex numbers,
this brings many difficulties to the solution. Scholars have
proposed some methods, such as the direct integration method,
the inverse scatter method, the modified Jacobian elliptic
function expansion method, the Riccati projection equation
mapping method, and so on.

III. RESULTS

From the perspective of topological properties, solitons can
be divided into topological solitons and non-topological
solitons. The necessary condition for the existence of
topological solitary waves is that they can be simplified and in
the vacuum state (ground state), that is, there are different
vacuum states at infinity, or different boundary conditions.
When there is a soliton solution, the boundary conditions at
infinity are different from when there are no solutions.
Non-topological solitons do not need to have the above
conditions. Regardless of the existence of soliton solutions,
they have the same boundary conditions at infinity [10]. In
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general, the positive and negative (dark) solitons and their
sequences of the bell-shaped distribution are non-topological,
but the Kink solitons are topological solitons (his module or
derivative is bell-shaped, such as the basic dark solitons in
fiber). It should be noted that the same equation may support
two types of solitary wave solutions with different topological
properties. For example, the NLS equation supports bright
soliton solutions, small amplitude bright-dark soliton solutions
(non-topological) and basic dark soliton solutions
(topological). Although there is no uniform solution method for
nonlinear equations, some special analytical methods have been
summarized. These methods also play a very important role in
solving the variable coefficient nonlinear equation. The specific
methods are:

The scattering inversion method is an important method to
accurately solve the nonlinear evolution equation. Usually, the
scattering inversion method obtains the solitary wave solution
of the nonlinear evolution equation [11]. It played a very
important role in the formation and development of the soliton
theory. The scattering inversion method is used to solve the
initial value problem of KdV Painleve equation. For the KdV
Painleve equation:

bu au by’
=—-6U—+—-1=0 1
Vo a bt ax® M
After the GGKM transformation, it can be transformed into:
u=2 4 prx,t = 0L @)
ay y(b+1)

The GGKM transform actually turns into a Schrodinger
equation that the steady-state wave function satisfies in
quantum mechanics:

Ina’y —i
Z psinXxexpy

The nonlinear Schrédinger (NLS) equation is a widely used
nonlinear partial differential equation obtained under the
special condition of no loss of optical fiber. In recent years, the
application of optical solitons in communication has drawn
great attention from the academic and industrial circles, and the
NLS equation has the advantages of high code rate, long
distance, and large capacity. Therefore, it becomes one of the
main equations describing optical solitons in optical fibers. At
the same time, the nonlinear Schrodinger equation can also be
used to discuss the one-dimensional self-adaptation of
monochrome waves, the trap phenomenon of nonlinear optics,
Langnui waves in the plasma, thermal pulse propagation in
solids, superconductors move in electromagnetic fields and the
Bose-Einstein condensation effect of the atoms in the laser.
Further introducing transformation and selecting an appropriate
trial function, the following equation can be obtained:

R=u+

3

_ sinary’ « _lnax-l
ﬁ_tzcosaxz [n+Ru (b+i))] @)

The ground-state soliton that satisfies the equation can be
transmitted arbitrarily long distances without distortion in the

optical fiber, so the information transmission of the
ground-state  soliton in the high-frequency optical
communication system has aroused great interest.
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Unfortunately, the loss in the actual fiber causes the
exponential attenuation of the optical pulse power, so the
balance between nonlinearity and dispersion effects is
disrupted, which affects the transmission of optical solitons.
Usually people make the optical fiber parameters (dispersion
and non-linearity) slowly change along the longitudinal
direction, or use adiabatic amplification methods to maintain
soliton transmission in actual optical communication systems.

In an actual optical soliton communication system, the
soliton transmission follows the variable coefficient nonlinear
Schrodinge equation as follows [12]. The nonlinear partial
differential equation E(n,n,,n,,n,,n,n,n;)=l with two

a’ b2 xo2lyr o
variables was given. The traveling wave solution of the
equation was obtained by the (G/G) expansion method. The
specific steps are as follows:

The first step: The partial differential equation is transformed
into an ordinary differential equation by a traveling wave
transformation, and a traveling wave solution can be obtained
by solving the obtained ordinary differential equation. This
solution is concise and straightforward, and the analytical
solutions obtained are mainly solitary wave solutions and
periodic solutions, which reflects the important properties of
nonlinear waves. Assume that the traveling wave

transformation of the equation is as follows:
_ |En—En, —En, —En, —En, —En, —En|

vnﬁ AR cos(X)sin(y)
where p is the undetermined constant. From the characteristics
of the transformation law and the variable coefficient equation,
it can be seen that in the process of solving the variable
coefficient nonlinear equation, the transformation form, law,
and solution method have been further studied [13]. Three
methods are proposed: the combination of homogeneous
balance method and improved truncated expansion method, the
combination of truncated expansion method and function
integration method, the combination of Hopf cole
transformation and trial function, and a variety of new
transformation forms are given.
Ak = (z— A)En/vn*tan(x,y) (6)

The second step is to construct the series solution form of
nonlinear variable coefficient equation by elliptic function, and
then use the balance of nonlinear term and highest derivative
term to determine the series term, so as to obtain the solution of
nonlinear variable coefficient equation.

A special function is used to construct the series solution of
the variable coefficient nonlinear equation. The term of the
series is also determined by the balance of the nonlinear term
and the highest derivative term, and the variable coefficient
nonlinear equation is transformed into a series of equations that
can be solved, so as to obtain the solution of the coefficient
nonlinear equation.

Suppose A@ can be expressed as

)

f(n) polynomials,
a, (1=0,1,2,3,...,n) is undetermined constant, n is determined

by the homogeneous balance principle (considering nonlinear
characteristic s, dispersion ¢ and order factor h of dissipation,
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according to the principle that the highest order term can be

partially balanced), which satisfies the following second-order

linear ordinary differential equation:
f(n)-z

A=log(Ak+Agp)/al e
[s+c+h]|

(7
When i > 0, the trigonometric solution of the equation is
obtained:

G = AcosvAK —1+a, sin(a/AgD—i) ®)

A relation between some nonlinear Schrodinger equations
with variable coefficients can be established by the generalized
symmetric  operation and the corresponding finite
transformation. If the original equation is a constant coefficient
equation, the solution of some types of variable coefficient
equation can be obtained by the solution of the constant
coefficient equation [14]. The variable coefficient equation is
obtained by the finite transformation, and the relation between
nonlinear evolution equation and Schrodinger equation can be
established by GGKM transformation. The potential energy,
i.e. the solution of nonlinear equation, can be obtained by
scattering inversion method, which is also the soliton solution.
Based on the above algorithm, several groups of common
solution curves are further shown for subsequent calculation

Using Jacobi elliptic sine function expansion method, cosine
function expansion method, the third type Jacobi elliptic
function expansion method and Jacobi elliptic CS expansion
method, the envelope periodic solutions are obtained
respectively. When the modulus m = 1, the corresponding
envelope solitary wave solution can be obtained. In case 5, the
modified Jacobi elliptic function expansion method is used to
obtain two envelope periodic solutions and a simple solution of
the equation. Among them, solution one is consistent with
Jacobi elliptic sine function expansion method, solution two is
consistent with Jacobi elliptic cosine function expansion
method, and solution three is a new simple solution, which
proves that the modified Jacobi elliptic function expansion
method is effective. The specific curve is as shown in Figs. 1-4.
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Fig. 1 The curve of bell type (wave packet type) equation

E-ISSN: 1998-4464 268

Volume 16, 2022

0.4

0.37
0.2+

01 1

>
-04 -03-02 —9;1" A
0.1

Fig. 2 The curve of anti-bell type (concave type or vortex type)
equation

Furthermore, the solution of the equation is indirectly
equated as a trigonometric function, the method of solving the
exact solution of the equation is called indirect fitting method.
Hyperbolic function, elliptic function or other explicit
functions are usually used to solve this method, which includes
three methods: using constraint equation, using transformation
and using operator. This paper focuses on the kink curve of
constraint equation, as follows.
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Fig. 3 The curve of kink equation
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Fig. 4 The curve of anti-kink equation

According to Fig. 1, the curve decreases monotonically when
the x-axis is 0.5 and the y-axis is 0.4, and increases
monotonically when the x-axis is -0.5 and the y-axis is 0.4, with
the maximum value of 0.37; In Fig. 2, when the x-axis is 0.5
and the y-axis is -0.4, the curve increases monotonically, and
when the x-axis is -0.5 and the y-axis is -0.4, the curve
decreases monotonically, with a minimum value of -0.37; In
Fig. 3, it increases gradually in the first quadrant and decreases
gradually in the third quadrant; In Fig. 4, it increases gradually
in the second quadrant and decreases gradually in the third
quadrant.

Based on the above principle, the curve of soliton equation is
further optimized. The curve of the equation is solved by
directly assuming the solution of the equation as trigonometric
function, hyperbolic function, elliptic function or other explicit
function. The mechanism of soliton is due to the existence of
nonlinear term, so the soliton equation is usually related to the
spectrum problem. The soliton equation is usually derived on
the basis of the spectrum problem with the help of zero
curvature equation or lax equation, as shown in Figs. 5-6:
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Fig. 5 The curve of singular soliton equation
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Fig. 6 The curve of (multiple) compact soliton equation

According to Fig. 5 and Fig. 6, starting from the known
solution of the soliton equation, a new soliton solution can be
obtained, and the new solution can be used as the known
solution to obtain an updated solution. A series of solutions of
the equation can be generated by repeating the cycle. People
gradually discovered that there are some method structures.
The BW cklund transform of nonlinear partial differential
equations, and the form of the obtained BW cklund transform is
completely different. It is very difficult to find a solution for the
nonlinear equation, and it is even more difficult to find more
solutions. Backlund transformation establishes the relationship
between the solution of a nonlinear partial differential equation
and the solution of the known linear partial differential
equation, or the relationship between two different solutions of
a nonlinear partial differential equation [15]. In this way, we
can find the solution of the nonlinear partial differential
equation according to the known solution of the linear partial
differential equation, or find other solutions according to one
solution of the nonlinear partial differential equation.

IV. DIiscuUSsSION

Aiming at the inaccuracy of the traditional parallel solution
method of variable coefficient nonlinear equations, a new
parallel solution method of variable coefficient nonlinear
equations is proposed. In order to judge whether a nonlinear
equation is integrable, the method of finding relaxation pairs is
usually used. However, there is no unified method to solve
various nonlinear equations, so it is difficult to find relaxation
pairs. It is proved that KdV Painleve analysis is one of the most
effective methods to judge the integrability of nonlinear
equations.

Firstly, the KdV Painleve properties of ordinary differential
equations are studied. The integrability of partial differential
equations is tested by the differential method of ordinary
differential equations (ARS method). If any ordinary
differential equation can be simplified by a fully integrable
partial differential equation, it must be a KdV Painleve
equation (requiring at most one transformation). The P and
KdV Painleve experiments (WTC method) of PDE are
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proposed. Due to the unique advantages of KdV Painleve
analysis, KdV Painleve property has become a method to
define the integrability of nonlinear partial differential
equations, that is, KdV Painleve integrability. The parallel
solution and transformation of variable precision nonlinear
equations are realized. The partial differential equation is
transformed into ordinary differential equation by traveling
wave transformation, and the traveling wave solution can be
obtained by solving the ordinary differential equation. The
analytical solutions are mainly solitary wave solutions and
periodic solutions, which reflect the important properties of
nonlinear waves.

Three new exact solutions of the generalized variable
coefficient KdV Painleve equation are obtained by using the
expansion method. These solutions are more general and
include the analytical solutions given in the literature.
Moreover, when A, B and C take different values, there will be
many new exact solutions. It can be seen from the above
process that this method is suitable for solving a large class of
Nonlinear Evolution Equations with variable coefficients. On
this basis, the parallel solutions of nonlinear equations with
different variable coefficients are verified. The trigonometric
function solutions and hyperbolic function curves of different
parallel solutions are obtained. Record and draw the detection
results of parallel solution curves obtained by different
methods.

V. CONCLUSIONS

At present, there are many ways to construct the exact
solution of nonlinear evolution equation, and the content is
complex. On the surface, it seems to have achieved some
success in seeking accurate solutions, but to deal with nonlinear
terms concisely and clearly, it is far from enough to rely on the
existing mathematical tools, which requires us to further
explore and find.

The solution of nonlinear problems is an important work in
nonlinear science. It is well known that there are infinite
solutions to nonlinear partial differential equations, which
brings great difficulty to the solution of nonlinear equations.
However, most of the nonlinear equations that can better
describe the actual physical problems are variable coefficient
equations, so it is more difficult to get the exact solution of the
variable coefficient nonlinear equation. In many methods of
solving nonlinear partial differential equation, most of them are
only for constant coefficient nonlinear partial differential
equation, but for variable coefficient nonlinear partial
differential equation, there are few effective methods at
present.

The KdV Painleve equation with non-uniform term, the
generalized diffusion model in population problem and the
exact solution of 2+1 dimensional long-short wave equations
are studied by the f-expansion. These solutions have different
forms: hyperbolic function, trigonometric function and rational
function. Because of the arbitrary choice of parameters, more
travelling wave solutions of nonlinear PDEs can be obtained by
this method. From the point of view of the solution process, the
f-expansion method is not only applicable to the constant
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coefficient nonlinear partial differential equation, but also to
the variable coefficient nonlinear equation, and even can be
extended to the other variable coefficient nonlinear equation. It
provides a powerful method for solving higher order equations.
At the same time, the nonlinear Derrida-Lebowitz-Speer-Spohn
equation is transformed into a third-order dispersion equation
by a nonlinear function transformation, and then the exact
solutions with variable form and other forms are obtained by
the method of separating variables. All the exact solutions
obtained in this paper further enrich the physical application of
these four nonlinear partial differential equations.

Aiming at the inaccuracy of parallel solution of nonlinear
equations with variable coefficients by traditional methods, a
new method for solving nonlinear equations with variable
coefficients is proposed in this paper. The compatibility
conditions of differential operators and eigenfunctions with
arbitrary function forms are introduced, and a new family of
KdV Painleve equations with time-dependent coefficients and
their L2 pairs are derived. The constant coefficient isospectral
KdV Painleve equation family is a special case, which contains
many well-known equations, equation families and new
equations. Its more general case is a family of variable
coefficient non isospectral equations with self-consistent
sources. The new exact solution expression of the variable
coefficient, the equation family and the non-reflection potential
N-wave solution equation are obtained by the backscatter
transform. It solves the problem of non isospectral KD,
Schrodinger spectrum of equation family, and the problem that
scattering data can’t solve for a period of time in the research
field, so as to resolve the existing contradictions in the existing
literature. Through the expression of the solution, the evolution
characteristics of the velocity, amplitude and wave width of the
solitary wave solution of the variable coefficient KdV Painleve
equation family in the process of straight-line propagation, as
well as the relationship between the isospectral and non
isospectral attributes of the equation itself are established by
means of graphic simulation. The reflection coefficient
obtained on the basis of the non isospectral KdV Painleve
equation family paves the way for solving the non isospectral
KDZ equation family, which further improves the scattering
theory of the anti-scattering method for solving the non
isospectral KdV Painleve equation family.

There is no universal solution to the nonlinear partial
differential equation, and especially there is no systematic and
effective solution to the variable coefficient nonlinear partial
differential equation, which needs to be studied more. The
results of these methods are usually traveling wave solutions,
and the study of non-traveling wave solutions of nonlinear
partial differential equations needs to be further deepened. In
addition, some equations are substituted into the equations after
wave reduction and homogeneous equilibrium, and the
resulting equations have no solution. These cases are also worth
studying for a large number of non-linear partial differential
equations that have not been solved. These problems are
helpful to further understand and improve the solution methods
and techniques of nonlinear partial differential equations. It
needs constant thinking and exploration, and hopes to achieve
more and better results.
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