
 

Abstract—The relations between carbon and oil market is 

concerned by many scholars but little research has focused on the 

dependence between their quantiles. We use Quantile on Quantile 

Regression method to study the impact of WTI crude oil price and 

Daqing crude oil price on carbon price and use wavelet analysis to 

clean and decompose the time series. Results show that the impact 

of crude oil on carbon is heterogeneous. Research based on the 

original sequence shows that crude oil price has a positive impact 

on carbon price at all quantile levels. Research based on 

decomposition sequence shows that the positive impact of crude oil 

on carbon begins to weaken, the zero effect begins to increase, and 

the negative impact also begins to appear. However, the negative 

impact on carbon price becomes stronger with the stability of the 

time series data obtained from the decomposition of crude oil price 

series gradually improving, while the positive impact gradually 

weakens. 

 

Keywords—Crude Price, Carbon Price, Wavelet Analysis, 

Quantile on Quantile Regression. 

I. INTRODUCTION 

NERGY conservation and emission reduction is the only 

way for human society to achieve sustainable development. 

China's energy grows rapidly with huge demand. However, 

energy security issues are becoming increasing prominent due 

to restrictions on access to energy resources. At the same time, 

environmental pollution and greenhouse gas emissions caused 

by energy using are becoming increasingly serious. These two 

problems are intertwined to make the China's future energy 

development have great uncertainty. Carbon emission trading 

is the most cost-effective method of energy conservation and 

emission reduction by using the market mechanism [1, 2]. 

With the gradual establishment and improvement carbon 

market, the influence of various related markets on the carbon 

market becomes more and more prominent and complex. The 

futures market for energy products, the stock market for energy 

companies and the carbon market are closely related to each 

other. Scholars have paid much attention and have studied 

much about energy market and carbon market spillover effects 

[3]. Even most of scholars believe that traditional energy prices 

 
 

are the main driver of carbon prices. As an emerging market, to 

study the spillover effects of carbon and energy markets is 

beneficial to effectively understand the dynamics of the carbon 

market and test the impact of carbon emissions trading policies 

on energy structure optimization. In particular, the spillover 

effect among markets can effectively study the impact of one 

market fluctuation on other markets and obtain measurement 

through correlation analysis. 

At the same time, China's carbon market is in the initial stage 

when it turns from the pilot market to the national market, the 

research on information transmission of carbon price and 

energy price in China is almost blank. While parsing the 

nonlinear relationship between the carbon price and energy 

price is conducive to better improve the pricing mechanism for 

carbon emissions and help determine the link of the futures 

market and the carbon market link way. Therefore, we study the 

impact of oil price on carbon price using Quantile on Quantile 

Regression to provide a reference for the government to 

establish a carbon market risk prevention mechanism through 

the analysis of the interaction between energy prices and carbon 

prices. 

The remainder of the paper is organized as follows: Section 

2 gives a brief literature review on the related studies. Section 

3 describes the methodology of quantile cointegration test, 

discrete wavelet transform and quantile-on-quantile regression. 

Section 4 shows data description and includes a discussion of 

the empirical results. Section 5 concludes the study. 

II. LITERATURE REVIEW 

As an unconventional energy market, the carbon market is 

significantly affected by other traditional markets, such as coal 

market, oil market and gas market. Therefore, accurate analysis 

of the driving effects of traditional energy markets on carbon 

markets can contribute to the understanding of the dynamics of 

carbon markets. At the same time, since the carbon trading 

mechanism is to improve the energy structure and reduce 

carbon emissions, traditional energy markets may also be 

affected by carbon markets. Thus, the contribution of carbon 

emissions trading mechanisms to energy restructuring can be 
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effectively assessed by studying the impact of carbon markets 

on traditional energy markets. 

In the field of energy research, the study on the correlation 

between carbon market and commodity market has gradually 

become a hot issue meanwhile scholars at home and abroad 

have carried out in-depth research on such problems. There is a 

long-term equilibrium relationship between energy price and 

carbon price, with unsymmetric conduction effect [4]. And 

there's a weak conduction between the two markets but the 

transmission effect gradually recovered after the financial crisis 

[5]. And the fluctuation of energy price has significant effect on 

the fluctuation of EU carbon price without latent phase but 

carbon prices can not predict energy prices [6]. When studying 

the relationship between the carbon market and the crude oil 

market, nonlinear relationships should also be taken into 

account [7]. From perspective of time-varying relevance, there 

is a significant time-varying correlation between the EU carbon 

market and the crude oil market [8]. In terms of volatility 

spillover effects, energy prices such as electricity price and 

natural gas price have strong spillover effect on carbon price 

fluctuation [9]. International oil prices have a spillover effect 

on carbon price returns. However, due to the variation of EU 

energy consumption structure and the continuous improvement 

of carbon trading mechanism, spillover effects tend to decline 

[10]. Because of differences in data selection time, and model 

parameter setting, etc., Ji et al. believed that Brent crude oil 

price had significant dynamic spillover effect on carbon price 

between 2006 and 2017 [11]. 

According to the above research, due to the difference in 

data, time, analytical methods and model parameters, relevant 

researches have various findings even have the opposite 

conclusion. For instance, based on some literature, it finds that 

two markets are positively correlated [12], [13]. However, 

Hammoudeh et al. deem them negatively correlated [14]. There 

is more support for the idea of neutrality, that is, there is no 

linkage mechanisms between the two markets [15]. Meanwhile, 

for analytical techniques, econometric modelling is the 

dominant approach to modelling spillover effects on carbon and 

commodity markets, such as, linear regression, the 

cointegration method, Granger Causality test, cross correlation 

analysis, Generalized Autoregressive Conditional 

Heteroskedasticity (GARCH) model. Recently, some effective 

methods have also been used to analyze the complex nonlinear 

relationship between carbon and commodity markets, such as 

nonlinear autoregressive models and Copula function models 

[14], [16]. 

To sum up, most of the existing studies are limited to directly 

using the existing models abroad to explore the relationship 

between crude oil market and carbon price, while only a small 

number of studies involve the spillover effect of crude oil 

market on related markets. In addition, there are few researches 

on the deep-seated relationship between crude oil market and 

carbon price, especially on the transmission mechanism 

between crude oil market and carbon price. Compared with 

conventional techniques such as OLS and quantile regression, 

Quantile on Quantile Regression method can estimate how 

crude oil price series and its decomposition series affect carbon 

price at different quantile levels. Quantile on Quantile 

Regression method can accurately describe the dependency 

structure between endogenous variables and regression 

variables. In view of this, considering the financial attributes of 

the crude oil market, we first use wavelet analysis to denoise 

and clean the data, and then use Quantile on Quantile 

Regression model to explore the intensity and direction of the 

impact of the crude oil market on carbon prices. The research 

results are expected to provide useful suggestions for market 

planners and investors. 

III. METHODOLOGY 

A. Quantile Cointegration Test 

The traditional linear cointegration model only reflects the 

average response of the dependent variable to the independent 

variable. If we want to know the long-term equilibrium 

relationship between the dependent variable and the 

independent variable on more distribution features, the standard 

cointegration model is not competent since the conditional 

mean is only a feature of the probability distribution. An 

improved approach is to examine the relationships between 

variables at different sub-points. Then, Xiao proposed the 

Quantile Cointegration Model which decomposed the errors of 

the cointegration equation into lead-lag term and a pure 

innovation component [17], [18]. In addition, the model is the 

extension of cointegration introduced by Engle and Granger, 

which is considered to be special with as a vector of constants 

[19]. In this special case: 
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Xiao deduced stability test of the cointegrating coefficients 

from the given (2) and took the null hypothesis as 

   0 : = , 0,1H       [17]. We employs test statistic 

 ˆsup n ( )     across all the distribution of quantiles under 

the null hypothesis. We do 1000 bootstraps to estimate the 

critical values of test statistic following Xiao [17]. 

 

B. Discrete Wavelet Transform 

(1) Wavelet transform 

Wavelets are function that is oscillatory with ability to 

attenuate to zero rapidly. Wavelet transform refers to band-pass 

filter to filter signals at different scales. Given 2( ) ( ) t L R  are 

space for all squared integration functions, Fourier is 

transformed into ( )  . When ( )   meet the condition: 

2
1 ( )    





  C d  (3) 

Then ( ) t  is a wavelet mother function. Of which, ( ) t  

should meet ( 0) 0    . That is. And then ( )   has band 

pass property. 
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A wavelet function is formed by translation and scaling of 

the wavelet mother function ( ) t , as shown in formula (4): 

1/2

, ( ) ( ) 
 

a b

t b
t a

a
 (4) 

,, , 0, ( )  a ba b R a t  are sub-wavelets; a  is the scale 

parameter, and b  is the time parameter, which reflects the 

translation of wavelet in time. 

Wavelet transform of signal ( )f t  is defined as: 

1/2
( , ) ( ) ( ) 






 

t b
W f a b a f t dt

a
 (5) 

In formula (5), ( ) t  is complex conjugate function of ( ) t . 

( , )W f a b  are wavelet coefficients at different locations and 

scales. Since the variables , ,t a b  in formula are continuous, the 

upper formula (5) is called continuous wavelet transform. As 

actual financial data are generally discrete, the parameter ,a b  

are discrete in practice, but this discretization is not only for 

time variable t . Discrete form is as follows: 

1/2
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In formula (6), N is discrete point, and t is sampling 

interval. ( , )W f a b  can reflect the characteristics of time 

parameter b  and scale parameter a . And when the a  is small, 

it has low resolution in frequency domain, and high resolution 

in time domain; As the a  gets bigger, it has high resolution in 

frequency domain, and low resolution in time domain. 

Therefore, wavelet transform can localize time-series time 

frequency, and analyze the local. 

(2) Wavelet decomposition method 

Noise could interfere with effective information that might 

exist in the data so that it is very important to obtain effective 

information from the research data purposefully to remove the 

useless and interfering noise. In the wavelet domain, the 

corresponding coefficients of the effective signal are very large 

while noise corresponds to small coefficients. The coefficients 

corresponding to noise in wavelet domain still satisfy the 

Gaussian white noise distribution, which can be evaluated by 

wavelet coefficients or raw signals, to eliminate threshold value 

of noise in wavelet domain. At present, the common thresholds 

value includes fixed threshold method, minimax threshold 

method as well as heuristic method. 

After threshold selection method appearing, the threshold 

function is introduced to filter the wavelet coefficients with 

noise. At present, we mainly use soft threshold and hard 

threshold function, which was proposed by Percival and 

Walden in 2000 [20]. 

Hard threshold denoising method. When the absolute value 

of wavelet coefficients is less than the given threshold, it is set 

as 0; Conversely, it remains the same, i.e.: 

0
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Soft threshold denoising method. When the absolute value of 

wavelet coefficients is less than a given threshold, it is set as 0. 

Conversely, the threshold value is subtracted, i.e.: 

 sgn( ) ( )
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Hard threshold function is superior to soft threshold method 

in mean square error sense, but the signal creates an extra shock, 

a jump point, unable to smooth the original signal well. The 

wavelet coefficients obtained by soft threshold function have 

good continuity to make the overall signal smoother without 

obvious jump point. However, the signal will be compressed to 

produce a certain error. Therefore, in practice, it needs ceaseless 

attempts for selecting better processing method to improve the 

estimation accuracy. 

 

C. Quantile on Quantile Regression 

Most literatures use linear regression method to analyze the 

relationship between two time series. Koenker and Bassett 

proposed quantile regression framework (QRA) to analyze and 

model the dynamiccorrelation and degree structure between 

time series data, which has become one of the most popular 

econometric tools [21]. Although QRA model can estimate and 

analyze the heterogeneous relationship between variables at 

different points of conditional distribution, the main bottleneck 

faced by QRA framework is that it cannot capture the entire 

dependency relationship. In order to avoid this QRA’s defect, 

Sim and Zhou proposed quantile-on-quantile (QQ) method 

[22]. 

Then, we model the quantile of carbon trading price returns 

as a function of oil prices returns (and its frequencies) under the 

QQ model which can provide a complete and clear picture of 

the dependency relationship. We realize the QQ method by 

choosing some uncertainty quantiles and by estimating and 

analyzing the local effect of oil prices uncertainty and its 

various frequencies on the different quantiles of carbon trading 

price returns. We can use single equation regression approach 

proposed by Sim and Zhou and the triangular system of 

equations proposed by Ma and Koenker to estimate QQ model 

[22], [23]. In this paper, we choose the single equation 

regression approach for estimation and analysis because it is 

also based upon Ma and Koenker [23], [24], [25]. The single 

equation regression approach can be explained as follows. 

The quantile of the carbon trading price returns ( tr ) is 

represented by   and oil price is denoted by toil . Firstly, we 

model the  -quantile of Carbon trading price returns function 

of its past lag -1tr , and can be represented as follows: 

1( )      t t t tr oil r v  (9)
 



tv  is the error term having zero  -quantile. The function 

 (.) is supposed to be unknown since we do not have prior 

knowledge about the relationship between variables. We 

examine the association between the  -quantile of carbon 

trading price returns and  -quantile of oil price returns by 

linearizing the function 
 (.) with first-order Taylor 
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expansion of 
 (.) around toil  which is represented as 

follows: 
'( ) ( ) ( )( )         t toil oil oil oil oil  (10)

 

Following Sim and Zhou, 
  and 

'  can be redefined as 

0( , )    and 1( , )    respectively [22]. Equation (10) can be 

rewritten as follows:
 

0 1( ) ( , ) ( , )( )         t toil oil oil
 

(11) 

On substituting Equation (11) into Equation (9), we get: 

0 1 1( , ) ( , )( ) ( )             t t t tr oil oil r v   (12)
 

In the present paper, we use Gaussian kernel to weight the 

observations in the neighborhood of the empirical quantile of 

uncertainty. Further, we estimate the impact various 

frequencies of oil prices returns, denoted by oil.d1, oil.d2, 

oil.d3, oil.d4 on carbon trading price returns. 

IV. EMPIRICAL ANALYSIS 

A. Data 

We analyse the representative indexes of China's crude oil 

futures market, international crude oil futures market and the 

closing price of domestic carbon trading market. Considering 

the availability of data, because the domestic crude oil futures 

data are too short, the article chooses Daqing crude oil spot 

price index instead (doil), the international crude oil market 

chooses WTI futures index (oil), and the carbon price chooses 

the representative Guangdong carbon exchange closing price 

(r). We select their corresponding daily prices to create the 

continuous price series. According to the availability of data, all 

data come from the daily closing price from March 14, 2014 to 

January 17, 2020. In order to avoid the impact of asynchronous 

transactions, we just choose the dates when all data have 

records. Eventually, we get a total of 1284 observations for each 

series. The article data comes from WIND database, and the 

logarithmic rate of return is defined as: 1100*log( / )t t tr p p . 

The descriptive statistics of the samples are specifically shown 

in Table I. According to Jarque-Bera Test, the three sample 

sequences are all nonnormal distribution and are significant at 

the 1% significance level. The existence of sample 

nonnormality also highlights that there is no linear correlation 

between the relevant variables. Therefore, it is feasible to use 

quantile method to estimate the nonlinear correlation between 

oil price and carbon price.  

This paper uses a new method to estimate the influence of 

different frequencies of crude oil price on carbon price, 

specifically analyzes the correlation between variables in the 

wavelet framework, and then decomposes the original income 

data of crude oil price into four different frequency components 

by wavelet analysis. Fig. 1 and Fig. 2 show the decomposition 

sequence of WTI crude oil price and Daqing crude oil price, 

showing signs of high frequency and increased fluctuation in 

the short term, but stable in the long term. According to the 

above descriptive statistics, the variables are not normally 

distributed, so the quantile-based method can be used for 

analysis to solve the heavy tail problem. 

 
Table I Descriptive statistics 

Parameters R Oil Dpoil 

Min. -52.35 -8.67 -10.88 

1st Qu. -1.69 -1.14 -1.39 

Median 0.00 0.07 -0.05 

Mean 0.22 0.05 0.00 

3rd Qu. 2.00 1.21 1.23 

Max. 105.58 14.68 14.04 

Skewness 3.61 0.33 0.30 

Kurtosis 52.55 3.16 2.70 

Standard 

Deviation 
7.39 2.26 2.46 

Jarque-Bera 

Test 
432.21(0.00) 108.21(0.00) 364.21(0.00) 

 

 
Fig. 1 Trend plot of oil returns 

 
Fig. 2 Trend plot of dqoil returns 

 

B.  Quantile Cointegration Test 

The paper uses quantile cointegration method to test whether 

there is cointegration relationship between variables. In the 

process of cointegration test, the paper sets variables through a 

similar interval grid with 19 quantiles (0.05-0.95). The specific 

estimation results are shown in Table II. There are statistically 

significant cointegration relationships between carbon price 

and WTI crude oil price, as well as between carbon price and 

Daqing crude oil price in China. 

 
Table II Quantile cointegration test results 

Model 
Coef

f. 

 nsup V

 
CV5 CV10 

tr vs. oilt    1170.62 
1107.0

11 

979.1

01 

tr vs. dqoilt

 
  1026.91 979.56 

891.1

9 
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Note: The CV5, CV10 are the critical values which are produced by 

using 1000 bootstrap on 5%, 10% levels of significance. In addition, 

we examined cointegration (t-statistic) among the purposed variables 

by applying 19 quantiles (0.05-0.95) with alike spaced grid. 

C. Quantile on Quantile Estimates 

Fig. 3 and Fig. 4 are the estimation results of applying QQ 

method to study the influence of crude oil price series and its 

decomposition series on carbon price. The slope coefficient 

( , )    indicates the influence of the  -thquantile of crude oil 

price series and the  -thquantile of its decomposition series on 

carbon price under different values of   and  . 

Taking the influence of oil on r as an example, according to 

Fig. 3, in the original sequence, oil has a significant positive 

influence on r in most quantiles, but the influence degree is very 

small, and there is a direct connection between oil and r. In fact, 

oil has a positive and significant effect on r at higher scores, 

such as 0.85-0.95 levels. In addition, the lower quantile level of 

oil (0.30-0.50) has a positive and significant effect on the lower 

quantile level of r (0.25-0.60). Generally speaking, of all the 

impacts of crude oil prices on carbon prices, oil has a weak 

impact on r. However, for the extreme tail of the two variables 

(i.e. low and high quantiles), the positive effect will be 

enhanced.  

Then, we study the influence of decomposition series oil.d1 

on carbon price. We can observe that oil.d1 oil price has little 

influence on carbon price. However, at the lower quantile level 

of carbon price (0.05-0.35) and the lower quantile level of oil.d1 

(0.15-0.45), oil.d1 has a positive and positive impact on carbon 

price. At the same time, there is also a strong positive impact 

on the high quantile level of the two, which indicates that there 

is a decomposed oil.d1 sequence that has a positive impact on 

carbon prices. We further analyze the impact of decomposition 

sequence oil.d2 on carbon price: At the lower quantile level, 

oil.d2 has a positive impact on carbon price, but its intensity is 

decreasing; at the high score level, oil.d2 has a weak positive 

impact on carbon price, while the impact at the middle quantile 

level can be ignored. We also observed a similar situation in the 

influence of decomposed time series oil.d3 on carbon prices. By 

analyzing the influence of oil.d1, oil.d2 and oil.d3 

decomposition series on carbon price, the study finds that when 

the crude oil price time series is decomposed, the positive 

influence of crude oil price on carbon price starts to weaken and 

the zero effect influence starts to increase. When we further 

decompose the influence of oil price time series data oil.d4 on 

carbon price, we observe that the positive effect of oil.d4 

gradually weakens while the negative effect begins to increase. 

The effect of dpoil on r is similar and we will not elaborate here.  

At the same time, in order to test the effectiveness of QQ 

parameter estimation method, we have drawn QQ parameter 

estimation diagram and QR parameter estimation diagram, as 

shown in Fig. 5 and Fig. 6. Next, we will still take the influence 

of oil on R as an example and compare QR and QQ to evaluate 

the influence of oil on R, as shown in Fig. 5. As can be seen 

from Fig. 5, there are positive effects at all quantile levels on 

the original sequence, while on the decomposition sequence, 

the positive effects of oil prices begin to weaken and the zero 

effects begin to highlight. The QR method has the same 

situation. Fig. 5 reveals that QQ line and QR line have the same 

trend. However, due to the heterogeneity of the impact of the 

original time series and the decomposed time series of crude oil 

prices (i.e. Oil.d1, Oil.d2, Oil.d3 and Oil.d4) on carbon prices, 

Quantile Regression and Quantile on Quantile Regression 

estimates are somewhat different.  

The above analysis reveals the following facts: Although oil 

price fluctuations may have a positive impact on carbon prices 

in the short term, with the arrival of stable oil prices, the impact 

of oil price increases on carbon prices will become more 

obvious. The results of this study may be attributed to the fact 

that there are obvious spillover effects in the carbon market and 

crude oil market, and the rise in global oil prices has a short-

term positive impact on carbon prices. 

 

 

 

 
 

Fig. 3 Quantile-on-Quantile estimates of slope coefficient (impact 

of oil price on carbon trading price) 
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Fig. 4 Quantile-on-Quantile estimates of slope coefficient (impact 

of dqoil price on carbon trading price) 

 

 

 

 
Fig. 5 Comparison between QQ and QR estimates (impact of oil 

price on carbon trading price) 

 

 

 

 
Fig. 6 Comparison between QQ and QR estimates (impact of dqoil 

price on carbon trading price) 

 

V.  CONCLUSION 

We use daily data from March 14, 2014 to January 17, 2020 

to study the impact of WTI crude oil price and Daqing crude oil 

price on carbon price. First of all, we use wavelet analysis to 

clean and decompose the time series, and then use Quantile on 

Quantile Regression method developed by Sim and Zhou to 

analyze the influence of crude oil price on carbon price [22]. 

The results show that the impact of crude oil price on carbon 

price is heterogeneous. Crude oil price has a positive impact on 

carbon price at all quantile levels based on the research of 

original sequence. While results based on decomposition 

sequence show that the positive impact of crude oil price on 

carbon price begins to weaken, the zero effect begins to 

increase, and the negative impact also begins to appear. 

However, the negative and positive impact on carbon price 
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becomes stronger and gradually weakens with the stability of 

the time series data obtained from the decomposition of crude 

oil price series gradually improving.  

The above research results can provide useful suggestions for 

market planners and investors. The research shows that there 

are certain deviations in intensity and direction between the 

original sequence and the decomposition sequence, and there is 

great heterogeneity in the impact of one market price 

fluctuation on the other. Therefore, when one market is in 

turmoil, market planners and investors should consider the 

linkage mechanism of the two markets at the same time and 

formulate corresponding plans in time to prevent the turmoil in 

one market from being transmitted to the other.  

We analyze thein fluence of the first moment of crude oil 

price on carbon price and thus ignore the information related to 

the high-order moment of the data. Whereas, high-order 

moment risk of financial market have significant impact on 

asset pricing and volatility modeling. Therefore, future research 

could be to investigate the impact of skewness and kurtosis of 

oil price on carbon price and may be required to further unveil 

and quantify the impact for a universe of these markets over 

different time-samples. 
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